CHAPTER 4

Factorisable Monoid of Generalized Hypersubstitutions of

Type 7

In 1980, H.D. Alarcao showed that: A monoid S is factorisable if and only if it is
unit-regular [2]. In 2000, S. Leeratanavalee and K. Denecke defined a binary operation on
the set of all generalized hypersubstitutions and then proved that this set together with
the binary operation forms a monoid [16]. By Section 3.2 and Section 3.3 we characterize
all unit-regular elements of the monoid of all generalized hypersubstitutions of type 7. It
is clear that the set of all unit-regular elements of the monoid of all generalized hypersub-
stitutions of type 7 is a proper subset of the monoid of all generalized hypersubstitutions
of type 7. So the monoid of all generalized hypersubstitutions of type 7 is not unit-regular,
i.e. it is not factorisable. By Example 3.2.3 and Example 3.3.10, we show that the set of
all unit-regular elements of the monoid of all generalized hypersubstitutions of type 7 is
not a submonoid of this monoid, that means the set of all unit-regular elements of this
monoid is not factorisable. In this chapter we determine the maximal factorisable sub-
monoid of the monoid generalized hypersubstitutions of type 7. The tool for determining
the maximal factorisable submonoid of the monoid generalized hypersubstitutions of type

7 was difined in Chapter 3.

4.1 Factorisable Monoid of Generalized Hypersubstitutions of Type 7 =

(2)

To determine the maximal factorisable submonoid of the monoid generalized hy-
persubstitutions of type 7 = (2), at first we introduce some notations which will be used
throughout of this section.

For a type 7 = (n) with n-ary operation symbol f and t € W(,)(X), we denote

le ftmost(t) := the first variable (from the left) that occurs in ¢,

rightmost(t) := the last variable (from the left) that occurs in ¢.

Example 4.1.1. Let 7 = (3) and t € W(3)(X) where
t= f(f(f(x5a fEG,IL‘l),l’l,i’Q), f($47$37x2)a f($77$87 f(l'4,l’4,$2)))-
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Then leftmost(t) = x5 and rightmost(t) = xs.

Denote R(fryp.(2)), as in Section 3.2 where i € {1,2,3,4,5,6}. In Section 3.2, we

6
show that U R(Hype(2)); 18 a set of all unit-regular elements in Hypg(2) but it is not a

i=1
6

submonoid of Hypa(2), i.e. U R(fype(2)); is not a factorisable submonoid of the monoid

i=1
Hypa(2).
By Example 3.2.3, we have:

(1) For each oy € Ry such that t = f(x9,t") where t' € W9)(X) and rigthmost(t') =
6

T, We have 0t 0G O¢ ¢ U R(HyPG(Q))z"
i=1
(2) For each o € Ry such that ¢t = f(t',21) where t' € W(5)(X) and leftmost(t') =
6

x1, we have o, o oy ¢ U RiHype(2));-
i=1
(3) For each o4 € R3 and o4 € Ry such that ¢t = f(z1,t) and s = f(s',x2)
s')

where t',s" € W9 (X) and rightmost(t') = w1, leftmost(s') = x2, we have o; og 05,

6
050G 01 ¢ U Rtype (2)):-
i=1

Next, we find the maximal factorisable submonoid of the monoid Hypg(2).
Let oy € Hypi(2), we denote

Riype(2), = {odt = f(xo,t') where t' € Wy)(X) such that x1 ¢ var(t') and

rightmost(t') # xa},
Rltype . =
leftmost(t') # x1},

Rirype(2)s =

rightmost(t') # x1},
Rlttypa@n, =
leftmost(t') # xa},

R(Hype(2))s = 1oelt = x1, 72, f(21,22), f(72,71)} and

{odt = f(',21) where t' € Wy)(X) such that z2 ¢ var(t') and
{odt = f(x1,t') where t' € Wiy)(X) such that z2 ¢ var(t') and

{out = f(t',22) where t' € Wi,y (X) such that x1 ¢ var(t') and

RiHype(2))s = {ot|var(t) N {x1,z2} = 0}.
4

Denote (UR) iype(2) = | Riutype2)): U Rittype@)s Y Rtype(@)e-

i=1

Theorem 4.1.2. (UR)gyp.(2) is submonoid of Hypg(2).

Proof. Tt is clear that (UR)gyp,2) C Hypc(2). So we will show that (UR)pyp,(2) is

closed under o¢.
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Case 1: 0 € R{yy,, (2)),- Then t = f(x2,1') where t' € Wy)(X) such that x1 ¢ var(t)
and rightmost(t') # xa. Let 05 € (UR) fype (2)-

Case 1.1: 05 € Ry, ) - Then s = f(x2,8") where 5" € W9)(X) such that
x1 ¢ var(s') and rightmost(s') # xa.

Consider

(orogos)(f) = Gilf(x2,5)]
= S%(f(w2, 1), Ge[r2], 5e[s'])
= S%(f(x2,t), 22,54[5])
= f(S* (w2, 22,54[s']), S*(t', 22, 54[s]))
= [(G:]s], S*(t', 12,54[5])).

Since 21 ¢ var(s") and rightmost(s’) # xa, so x1,x2 & var(oy[s']). Since z1 ¢ var(t') and

x1, 2 ¢ var(Gy[s']), so w1, 2 ¢ var(S2(t', x2,0:[s']). Hence oy og 05 € Rs C (UR) trype(2)-
Case 1.2: 0, € R(Hypa( )5

xo ¢ var(s') and leftmost(s') # 1.

Then s = f(s',21) where s € W(y)(X) such that

Consider

(010G as)(f) = Gulf(s',21)]
= S*(f(2,1), 5[5, 5e[an])
= [(8%(x2,0[s"), 1), S*(t',5u[s), 1))
= f(x1,S%(t',5¢]5], 21)).

We have x5 ¢ var(S?(t',5,[s'],z1)). Since rightmost(t') # x2, so
rightmost(S%(t',64[s'], 21)) # z1. Then we have oy oG 05 € Rirupe@)s S UR) Hype(2)-

Consider

(050 ot)(f) = Ts[f(a2,t)]
= S2(f(s',21),0s[w2], 3s[t'])
= f(S*(s',22,04[t), S (21, 22,55[t']))
= [(S*(s' 2,05[t]), 22).

We have x1 ¢ var(S%(s', x9,05[t'])). Since leftmost(t') # x1, so

le ftmost(S%(s', w9, 0s[t'])) # w2. Then we have o og oy € Ritype@)s € (UR) Hype (2)-
Case 1.3: 0 € Ry, (), Then s = f(z1,5") where s € Wy (X) such that
xo ¢ var(s') and rightmost(s') # x1.

42



Consider

(010G os)(f) = Gilf(z1,5)]
= S%(f(w2,t), e[a1], 54[s"])
= S*(f(2, 1), 21,5[57))
= [(S*(w2,21,54[5]), S*(t', 01, 5¢[s']))
= f(54[s'), S*(t', x1,5¢[5]))).

Since zo ¢ var(s') and rightmost(s') # x1, so x1,x2 ¢ var(oy[s’]). Since x1 ¢ var(t')
and x1, 12 ¢ var(oy[s']), so x1, 9 ¢ var(S?(t', x1,54[s'])). Hence oy og o5 € R(type(2))s ©

(UR)HypG( 2)

Consider

(05 0c o)(f) = Gslf(22,1)]
= S%(f(z1,8"),05[22],35[t'))
= f(S%(x1, 22,0, [t]), S*(', 22, 55[t]))
= fla2, (s, 22,5, [t])).

We have x1 ¢ var(S%(s', xa,05[t'])). Since rightmost(s') # x1, so
rightmost(S%(s', x9, 5s[t'])) # x2. Then we have o, oG oy € Ritrype) € UR)Hype(2)-
In case of o5 € R?Hypc;(2))4’ we can prove in the same manner as in Case 1.3 that
010G 05,05 0G 0t € (UR) rype,(2)-
Case 1.4: 05 € Rpyp,(2))55 S = T1 OF 8§ = T3 OF § = f(z1,22) or s = f(x9,x1).

If s = x1, then

(0t og 0s)(f) = 0¢r1] =x1 and

(US el Ut)(f) = 311 [f(x%t/)] = 82($17x278901[t/]) = Z2.
If s = x9, then

(010G os)(f) = 0¢[w2] = 22 and

(08 oG Ut)(f) = 8962 [f($23 t,)] = 52(1'27 L2, 8332 [t/])'

Since x1 ¢ var(t') and rightmost(t') # xa, so S?(xa, T2, 04, [t']) = x; & {71, 22}

If s = f(x1,x2), then o5 = 0;4 such that o, og 0;g = 0y = 049 0G 0%

43



If s = f(x9,x1), consider

(oroc os)(f) = 0s[f(x2,21)]
= S%(f(xo,t), x, 1)
= f(S*(x9,x2,21), S*(t, 22, 11))
= flxy, S%(t, 29, 11)).

Since 21 ¢ var(t)) and rightmost(t') # w2, so x5 ¢ var(S*(t', x3,21)) and
T"l:ghtmOSt(SQ(t,, o, $]_)) # ri, We ha‘ve 0t 0@ 05 € RzHyva(Q))l'
Consider

(Us e Ut)(f) = (/J'\S[f(.fQ, t/>]
= Sz(f('r%xl)’x??as[tl])
= f(Gs[t], z2).

Since x1 ¢ var(t') and rightmost(t') # xa, so x1 ¢ var(cs[t']) and leftmost(cs[t']) # xa,

*

(Hypa(2))4”
Therefore o4 0og 04,05 0 oy € (UR)HypG(2)'

we have o505 0, € R

Case 1.5: 05 € R(pyp,(2))s- Then s = f(s1,s2) where x1, 25 ¢ var(s). Consider

(0106 0s)(f) = ailf(s1,52)]
= S%(f(22,1),5e[s1], 4 [s2])
= [(8%(2.G¢[s1],5e[s2]), S*(t', Ge[s1], 5e[s2]))
= f(&t[SQ], SQ(tlﬂ a\t[le 8t[32]))'
Since x1,z2 ¢ var(s), so x1,xs ¢ var(oy[si]) Uvar(o[sz]) and then 1, x2 ¢

U(M‘(SZ(t/,6481],&}[82])). So that 0t 0G 05 € R(HypG(Q))G - (UR)Hypg(Q)'

Consider

(050G a)(f) = Gs[f(z2,1)]
= SQ(f(SbS?)?x??as[t/])

= f(s1,52) since x1,xo & var(s).

So that 05 oG 01 € R(pyps(2))s © (UR)HypG(Q).
4

Case 2: 0y € RzHypc(2))z and o, € U RE(HZ/PG(2))1' U R(Hype(2))s Y B(Hype(2)s- We can
i=2
prove similar to Case 1. Then we have oy og 05,05 0 01 € (UR) rype,(2)-
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Case 3: 0, € R} Then t = f(x1,t") where t' € W(9)(X) such that zo ¢ var(t')

(Hypa(2))3°
and rightmost(t') # z1. Let o4 € Ritrpe@)s Y Blirype @), Y Biype2)s Y Biype(2))6-
Case 3.1: 05, € R} Then s = f(z1,s") where zo ¢ var(s') and

rightmost(s’) # x1.

(Hypa(2))s

Consider

(010G os)(f) = Gilf(z1,5)]
= S*(f(ar,t),21,0[5))
= f(SQ(xlvxlvat[sl])vSQ(tlvxlva\t[S/]))

= fla,t)  since a3 ¢ var(t).

Case 3.2: 0, € R(Hypc( 5)), Lhen s = f(s',x2) where x; ¢ var(s’) and
leftmost(s') # xa.

Consider

(0soc or)(f) = as[f(z1,t)]
= SH(f(s' w2), 21, 55[t'])
= [(S?(s,21,04[t']), 5% (w2, 21,04[]))
= [(SP(s',1,04[t"]), 5 [t'])-

Since xo ¢ wvar(t') and rightmost(t') # x1, so x1,x2 ¢ var(cs[t’]). Since x1 ¢ var(s)

N

and x1,z2 & var(Gs[t']), so x1, 2 & var(S%(s',r1,05[t'])). Then o4 0q oy € RHype(2))6

(UR)HypG(Q)'

Consider

(010 os)(f) = Gilf(s',22)]
= S (f(a1,t), 5[], 22)
= f(S*(x1,5[s], 22), S* (', Guls'], 2))
= f@s'], S*(t, 5[5, 22)).

Since x1 ¢ var(s') and leftmost(s') # xq, so x1,x9 ¢ var(o¢[s']). Since zo ¢ var(t')
and x1,z9 ¢ var(a,[s']), so x1,xa ¢ var(S*(t',0,[s'], x2)). Then oy oG 05 € Riprype(2))s S

(UR)Hypc( 2)

If 05 € Riype(2))s and 0s € R(fyp(2))s, We can prove similar to Case 1.4 and

67

Case 1.5. Then we have oy oG 04,05 0 01 € (UR)HypG(Z)'
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Case 4: 0, € R?Hypc(2))4 and o4 € R?Hypc(2))4 U R (type(2))s Y BHype(2))s- We can prove
similar to Case 3. Then we have o o 05,05 oG 0t € (UR) grype, (2)-
Case 5: 01 € Ripypi(2)); and 0s € Ripyps2))s U B(Hype(2))s- We can prove similar to

Case 1.4. Then we have oy og 04,05 0 0t € (UR)HypG(Z)'

N

Case 6: oy € R(Hypg( 2))s and o, € R(Hypg(Q))G- Then oy oG O0g = 0t € R(HyPG(Q))G

(UR) Hype (2)-
Therefore ((UR) gyp,(2): °G» 0ia) is a submonoid of Hype(2). O

Theorem 4.1.3. (UR)pyp,(2) 95 a unit-regular submonoid of Hypg(2).

Proof. By Corollary 3.1.8, U(Hypg(2)) = {0f(1,22) = Tid» O f(wa,e1)) A {0p(0) 20) =
Tids O f(z001)) C (UR)Hype2)s 50 U(Hypc(2)) = U((UR)mypg(2)) is the set of all unit

elements of the monoid (UR)gyp,(2)- By Theorem 3.2.1, we get (UR) (2) is a unit-

Hypc

regular submonoid of Hypg(2). O
Theorem 4.1.4. (UR)yyp(2) @5 a mazimal unit-reqular submonoid of Hypg(2).

Proof. Let H be a proper unit-regular submonoid of Hypg(2) such that (UR) @2 C

Hypa

H C Hypg(2). Let oy € H, then oy is a unit-regular element.

\ Ripype()),- Then t = f(z2,t') where x1 ¢ var(t') and

rightmost(t') = x9. Since xo € var(t) and rightmost(t') = x4, so t € sub(o¢[t']). Then
(/T\t [t/] S W(Q) (X)\X

Case 1: 01 € Ripyp.(2)

Consider

(aroGgo)(f) = Gilf(22,t)]
= S (f(2, 1), 22,5,[t")
= [(S%(x2,22,5:[t"]), S*(t', x2,5:[t']))
= f(&[t", S*(t', x2,5,[t])).

Since z2 € var(t') and t € sub(cy[t']), so t € sub(S?(t', x2,5¢[t'])), we have zo € var(S?(t,
w2,0¢[t'])). Since xzo € var(S3 (', xq,04[t'])) U var(G:[t']) and S%(', xq,04[t']), oe[t'] €
Wia)(X)\X, so 04 og 0y is not unit-regular. Then o, ¢ H. Hence {0y € Hypg(2)|t =
f(x2,t") where t' € Wi9)(X) such that 2 ¢ var(t') and rightmost(t') = x2} ¢ H.

Case 2: 01 € Riuypu2), \ Blpype), Then t = f(t',x1) where zo ¢ var(t') and
leftmost(t') = z1. Since x1 € var(t') and leftmost(t') = x1, so t € sub(o¢[t']). Then
ot[t'] € Wigy(X)\X.
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Consider

(oroco)(f) = Gelf(t'z1)]
= S*(f(t',x1), G[t'], x1)
= f(S*(,ault], 21), §% (a1, Gu[t'], 21))
= f(S*(t,au[t"], 21), Gelt]).-

Since z1 € var(t') and t € sub(c¢[t']), so t € sub(S?(t',54[t'], 1)), we have z1 € var(S?(¥,
G¢[t'],x1)). Since z1 € var(S*(t, 5[], z1)) U var(G[t']) and S2(t', 5[], z1), o¢[t'] €
Wi2)(X)\X, so 01 oG 0y is not unit-regular. Then o, ¢ H. Hence {0y € Hypg(2)|t =
f(t',21) where t' € Wy)(X) such that 2o ¢ var(t') and leftmost(t') = 21} € H.

Case 3: 0t € Rigype(2)s \R?Hypg(Q))g' Then ¢ = f(x1,t') where zo ¢ var(t') and
rightmost(t') = xz1. Choose o5 € R C H. Then s = f(s',x9) such that

(Hypc(2))a
x1 ¢ var(s') and leftmost(s’) # x5.

Consider

(0506 00)(f) = Gs[f(a1,1)]

Since xg € wvar(s) and rightmost(t') = x1, so x1 € var(os[t']). Since z1 € var(ost']),
S0 05 oG 0y is not unit-regular. Then oy ¢ H. Hence {o; € Hypa(2)|t = f(x1,t) where
t" € W9)(X) such that x5 ¢ var(t') and rightmost(t') = x1} € H.

Case 4: 01 € Ripype(2)) \ Ripype(2), Then t = f(t',x9) where z1 ¢ var(t') and

leftmost(t') = x9. Choose og € R’( C H. Then s = f(x1,s") such that x5 ¢

Hypc(2))3
var(s') and rightmost(s') # 1.

Consider
(osoqaor)(f) = as[f(t,2)]
= S2(f(x175/)7as[t/]’$2)
= [(S*(@1,04[t], 22), S*(5, 5 [t'], 2))
= f(as[t/]vSQ(Slva\S[t/}vx?))'

Since x1 € var(s) and leftmost(t') = xq, so x9 € var(cs[t']). Since zo € var(os[t]), so

0s oG oy is not unit-regular. Then o, ¢ H. Hence {0, € Hypc(2)|t = f(t',z2) where
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t" € Wi9)(X) such that x1 ¢ var(t') and leftmost(t') = x2} € H.
Therefore H = (UR) fryp; (2)- O

Theorem 4.1.5. (UR)pyp(2) 95 the mazimal factorisable submonoid of the monoid

generalized hypersubstitutions of type T = (2).

Proof. By Theorem 2.1.6. Ol

4.2 Factorisable Monoid of Generalized Hypersubstitutions of Type 7 =

(n)

In this section, we find the maximal factorisable submonoid of the monoid general-
ized hypersubstitutions of type 7 = (n).
Let 7 = (n) be a type of operation symbol f. Denote Ry, R2 and R3 as in Section 3.3.

3
We have U R; is a set of all unit-regular elements in Hypg(n) but it is not a submonoid

=1
3

of Hypa(n), i.e. U R; is not factorisable submonoid of the monoid Hypg(n). Next, we
i=1
find the maximal factorisable submonoid of the monoid Hypg(n).

Let oy € Hypg(n), we denote

R; = {o|t = f(t1,....tn) Where t;, = xj,,....t;,, = x;, for some i1,....,0m, j1, ..., Jm
€ {1,..,n} and var(t) N X, = {z;,,...,xj, } and if z;, € var(ty) for some I € {1,...,m}
and k € {1,...,n} \ {1, ..., 0} then there exists (ki,...,kp) € seq™(xz;,) such that kq = 7
for some g € {1,...,p}}.

We denote (UR)gyp,n) = 1 U Ra U R3.
Example 4.2.1. Let 7 = (4) and let ¢ € W4)(X) such that

t = f(f(ws, e, w6, (27,23, 07, 23)), T8, T8, T8).
Then seq'(z3) = {(1,4,2),(1,4,4)}. If 05, 04,04 € Hypi(4) where s = f(z3,t,21,22),
3

w = f(x1,t,23,25) and u = f(x5,22,t,24). Then o5 € R}, 0, € R3 \ R} and o, ¢ U R;.
i=1

Theorem 4.2.2. (UR) is a submonoid of Hypg(n).

Hypg(n)

Proof. We have (UR)gyp,n) C Hypa(n), so we will show that (UR) is a sub-

Hypg(n)

monoid of Hypg(n), i.e. 050 o, € (UR) for all 01,05 € (UR) Hrype(n)-

Hypg(n)
If 0y € Ry then o5 0g 0y € Ry for all o5 € (UR)gype (n)-

If o, € Ry then o0 0 € Ry for all o5 € Ry and 050G 01 € Ry for all o5 € (R U R3).

48



If oy € R; then o506 0, € Ry for all 0, € Ry and 050 0 € Ry for all 05 € Ry. Denote

t = f(t1,...,tn) where t;; =z, ..., t;,, = x;,, for some iy,...,%m, j1, ..., jm € {1,...,n} and
var(t)N X, = {zj,, ...,z }. Let o, € R5. We denote s = f(s1, ..., sp) where s, = xp,, ...,
Sy, .« = Tp, . forsome 71, ..., e, iy he € {1, ., n} and var(s)N X, = {zh,, ... op, . )

Hence

(050G oe)(f) =0s[f(t1,.ceytn)] = S™(f(S1,--s Sn), Os[t1], -y Os[tn]) = flur, ..., upn)

where u; = S™(s;,05[t1], ..., 0s[tn]) for all i € {1,...,n}.

Case 1: i € {rq,..., 7+ }. Then i = r, for some a € {1,...,m*}. So
u; = S™(Sp,,0s[t1], .., Os[tn]) = S"™(xh,,, 0st1], ..., Os[tn]) = Ts[tn,]-

Case 1.1: hy € {i1,...,im}. Then hy = ig for some g € {1,...,m} and t;;, = x,, so
u; = Osltiz] = 2,
Case 1.2: hy =k where k € {1,...,n}\ {i1,...,im}. Then u; = 75[tg].

Case 1.2.1: var(ty) N X,, = 0. Then var(u;) N X, = 0.

Case 1.2.2: var(ty) N X, # 0. Then there exists x;, € var(ty) where t;, = x;,
for some 8 € {1,...,m} and there exists (ki,...,kp) € seq'*(x;,) such that k, = ig for
some ¢ € {1,...,p}. If zp,,..., 7, € var(s) then x;, = @y, € var(s) where k; # k, so
Tg, = T

= sy, for some ¢ € {1,...,m"} and there exists (r.) € seq®(wy,) such that

q B

re # ro = . Hence

Ur, = S" (81, Os[t1]; -, Os[tn]) = S"™(Tig, Os[t1], .y Os[tn]) = Os[tis]) = 255

By Theorem 3.5.3, we get x;, € var(os[ty]) = var(u;) and there exists (ag,,...,ax,) €
seq"i(xj,) where ay, = r. and ay; is a sequence ji, ..., ju such that (ji, ..., jn) € seq’(zy;)
for all j € {1,...,p} \ {q}. If 2%, & var(s) for some 1 < v < p then x;, ¢ var(u;). So
var(u;) N X, = 0.

Case 2: i = k* where k* € {1,...,n} \ {r1,...,7m+}. Then

w; = S™(s4,0s[t1], ..., Os[tn]) = S™(sgx, Os[t1], .y Os[tn]).

Case 2.1: var(sg+) N X,, = 0. Then u; = s+ and var(u;) N X, = 0.

Case 2.2: wvar(sg) N X,, # 0. Then x5, € var(sg-) for some a € {1,...,m*}.
So sr, = xp, and there exists (k7,...,k;) € seq®**(wp,) such that k; = r, for some
q€{1,..,p}.

Case 2.2.1: ho € {i1,...,im}. Then hy = ig for some f € {1,...m}, so
;

s = Tp, € wvar(s). By Theorem 3.5.3, we get x;, € var(os[t]) and seq”(w;,) C

seqsl! (zj5). Since (ra) € seq®(wi,) and (k™ k7, ..., ky) € seq®(xiy), 80 (ra) € seqas[t](xjﬁ)
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and (K%, kf,....ky) € seqas[t](xjﬁ). Hence u,, = x;, and x;, € var(ug-) = var(u;) and
there exists (k{, ..., ky) € seq"i(z;,) such that k; = rq.
Case 2.2.2: h, = k where k € {1,...,n} \ {i1,...,7m}. We can prove similar to
Case 1.2.
Therefore o5 oG 0 € (R2 U R3) C (UR) Hype (n)-
Hence (UR) fryp; (n) 18 closed under o and we have 0ig € (UR) grype; (n)» 1€ (UR) frype (n)

is a submonoid of Hypg(n). O
Theorem 4.2.3. (UR)gype(n) 8 @ unit-regular submonoid of Hypg(n).
Proof. By Theorem 3.1.5, we have

U(Hypc(n)) := {or € Hypc(n)|t = f(Tr)s - Tr(n)) Where ™ € Sy}

such that U(Hypg(n)) C (UR)mype(n)- S0 U(Hypa(n)) = U((UR) gype(n)) 18 the set of
all unit elements of the monoid (U R) gyp,(n)- By Theorem 3.3.11, we get (UR) gyp,(n) 18
a unit-regular submonoid of Hypg(n). O

Theorem 4.2.4. (UR)pyp.(n) 8 @ mazimal unit-regular submonoid of Hypa(n).

Proof. Let H be a proper unit-regular submonoid of Hypg(n) such that (UR)gyp;mn)

C H C Hypg(n). Let oy € H where oy € Rz \ Ri. By Theorem 3.3.15, we can choose

0s € R} such that o, og oy is not unit-regular. So oy ¢ H. Hence H = (UR)HypG(n). O

Theorem 4.2.5. (UR) gy, (n) 8 the mazimal factorisable submonoid of the monoid

generalized hypersubstitutions of type T = (n).

Proof. By Theorem 2.1.6. O
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