CHAPTER 5

Conclusion

In this study, we found that

5.1 All Unit Elements in Hypg(n)

L. Let 0y € Hypg(n) where t = f(t1,t2,....tn) € Wiy (X). If t; € W,y (X)\X for some

i€{1,2,...,n}, then oy is not unit.

2. Let 0y € Hypg(n) where t = f(Zmy, Tmy; -, Tmy) € Wiy(X). If m; > n for some
i€{1,2,...,n}, then o4 is not unit in Hypg(n).

3. Anelement 0 € U(Hypg(n)) if and only if t = f(2r(1), Tr(2), -+ Tr(n)) Where m € 5y,
and S, is the set of all permutations of {1,2,...,n}.

4. U(HypG(n)) = {Ut € HypG(n)‘t =3 f(‘,rﬂ'(l)7 7'T7r(n)) where 7 € Sn}
5. [U(Hypg(n))| = nl.

6‘ U(HypG(Q)) = {O-f(aq,acg) o O-ida Uf(IZ@l)}'

5.2 All Unit-regular Elements in Hypg(2)

Let 0: € Hypa(2). We denote
Rtype(2)), = 1ot = f(w2,1") where t' € W) (X) such that x1 ¢ var(t')},
Rtype(2))s = 1ot = f(t',21) where t' € W) (X) such that xa & var(t')},
Rtype(2))s = 1ot = f(w1,1") where t' € W) (X) such that xa & var(t')},
Rtype(2)), = 1ot = f(t',22) where t' € W) (X) such that x1 ¢ var(t')},
Rtype(2))s = 1ot € {z1, 22, f(71,22), f(22,71)}} and

R(type (2)) := {oelvar(t) N {z1, 22} = 0}.

Then we have:

6
1. U R(mype(2)); 18 a set of all unit-regular elements in Hypg(2).
i=1
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6 6

2. U R(trype(2)); 18 not closed under og, i.e. U R(fype(2)); 18 not a subsemigroup of

5.3

5.4

i=1 =1
Hypa(2).

All Unit-regular Elements in Hypg(n)

For each 04,0, € Hypg(n) where t = f(t1,...,t,) such that t;, = xj,,...,t;,, =z,
for some i1,...,0m,J1,.--,dm € {1,...,n} and var(t) N X, = {xj,,...,x;,}. Let
hi,....;hy € {j1,...,jm} and hy # h, if | # r. Then o4 og 05 o 0y = oy if and
only if s = f(s1,...,5,) where s, = 55 = x; for all ¢ € {1,...,p} and for some

led{l,..,m}.

. E(Hypg(n)) is not a subsemigroup of Hypg(n).

Let t,5 € W, (X)\ X, @ € var(t) and var(s) N Xy, = {2y, ..., T . I (11, 0050m) €
seq(z) where i1, ...,4m € {21,..., 2¢} then = € var(cs[t]) = var(osog oy) and there is
(g, -y ai,,) € seq?sld(x) where aj; is a sequence of natural numbers ji, ..., j, such

that (ji,...,jn) € seq®(z;;) for all j € {1,...,m}.

Let t = f(t1,...,tn) where t;; = xj,,....t;, = x;,, for some i1,....%m, ji,..., Jm €
{1,..,n} and var(t) N X,, = {zj,,...,xj, }. If z;, € var(ty) for some [ € {1,...,m}
and k € {1,..,n} \ {i1,....im} where (ki,....kp) € seq'*(z;,) for some ki,...,k, €
{1,...,n} \ {#;} then there exists o5 € Hypg(n) such that o, og oy is not a unit-

regular element in Hypg(n).

Let o1 € Hypg(n). We denote

Ry :={oy,|zi € X},

Ry := {oy|t € W,y (X) \ X and wvar(t) N X, = 0},

R3 = {o|t € W(,,)(X) \ X such that t = f(t1,...,tn) where t;; = xj,, ..., t;,, =

x;j,. for some i1, ...,0m, j1, ..., jm € {1,...,n} and var(t) N X,, = {z;,, ..., xj,, }}.

Then we have :

3
U R; is the set of all unit-regular elements in Hypg(n).
i=1
3
U R; is not a unit-regular submonoid and it is not a regular submonoid of Hypg(n).
i=1

All Completely Regular Elements in Hypg(n)

. For each oy € E(Hypg(n)), oy is a completely regular element in Hypg(n).

52



2. For each o, € U(Hypg(n)), oy is a completely regular element in Hypg(n).

3. Let t = f(t1,....tn) where t;; = xj,,...,t;,, = x;,, for some i1,...,0m, ji,...,Jm €

{1,..,n} and var(t) N X,, = {xj,,...,xj, }. If there exists [ € {1,...,m} such that

ti, = xj, where i, € {j1, ..., jm}, then o # o5 og o} for all o5 € Hyp(n).

Let 0y € Hypa(n). We denote Ry, Ry, R3 as in Section 5.3 and denote

CR(R3) := {oi|t = f(t1,....tn) there is t;;, = x7(;,), ., ti,, = Tr(i,,) and 7 is
a bijective map on {iy,...,i;,} for some iy,... iy, € {1,...,n} and var(t) N X, =
{Tri)s o (i) } -

Let CR(Hypg(n)) := CR(R3) U Ry U Ra.

Then we have:
4. For each o, € CR(R3), oy is a completely regular element in Hypg(n).

5. Let CR(Hypg(n)). Then CR(Hypg(n)) is the set of all completely regular elements
in Hypg(n).

6. Let 0y € CR(Hypg(n)). Then oy is both left regular and right regular element in

Hypg(n), and oy is an intra-regular element in Hypg(n).
7. If oy € R3 \ CR(R3), then oy is not a left regular element in Hypg(n).

8. CR(Hypg(7)) is not a submonoid of Hypg(T).

5.5 All Intra-regular Elements in Hyp;(2)

5.5.1 Sequence of Terms

L. Let t,5 € W, (X) \ X and xﬁj) € var(t) for some 4,5 € N and let seqt(xl(j)) =
)

iy eryim. Thenx;, ...,z € var(s)NX, if and only if:lcl(.j’j1 € var(os[t]) = var(osoa

ot) for some j; € N and seqas[t](xgj’jl)) = (@i, ..., ai,,) where a;, is a sequence of
natural numbers py, ..., p, such that (p1,...,pq) = seqs(ach) for some h; € N and for

all [ € {1,...,m}.

2. Let t,s € W,y (X) \ X and a:z(»j) € var(t) for some i,j € N such that seqt(x§j)) =
01,12, ..., i, fOr sSOmMe 1,19, ...,0m € {1,...,n} and z;, € var(s) for all 1 < k < m.

Then there is j; € N such that

depth?s!1] (:Egj’jl)) = depths(xﬁl)) + depths(ng)) +..+ depths(:n<lm))

im
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for some [y, o, ..., 1, € N, and
b (@)Y = vbs (2,) x 0b* (3y) X ... x vb* ().

Let vb'(z;) = d.
d

If 2; € X,,, then vb7:l (x;) = Z bab[t]( 5]))
j=1
If z; € X \ X,, where z; ¢ var(s), then vb%{(z va"s[t () ).

5.5.2 All Intra-regular Elements in Hypg(2)

1.

If t = f(t1,21) where t; € W5)(X) \ X2 then oy is not intra-regular in Hypc(2).

. Ift = f(w2,t2) where t3 € W(5)(X) \ X2 then oy is not intra-regular in Hypg(2).

Ift = f(x1,t2) where ty € Wi9)(X)\ X2 and 22 € var(t) then oy is not intra-regular

in Hypc(2).

. Ift = f(t1,z2) where t; € W(Q)(X) \ X3 and z1 € var(t) then o, is not intra-regular

in Hypa(2).

CIft = f(t1,t2) where t1,ts € Wpy(X) \ Xo and var(t) N Xy # @ then oy is not

intra-regular in Hypg(2).

Let 0y € Hypi(2). By the definition of Ry, Ro, R3 in Section 5.3 and CR(R3)
in Section 5.4, we have

Ry :={og|ri € X};

Ry = {o|t € W(9)(X) \ X and var(t) N Xo = 0};

R3 = {o|t € W)(X)\ X and t = f(t1,t2) where t; = x; for some 4,j € {1,2}
and var(t) N Xy = {2} U {0f(2,,25)5 Tf(a,a1) )3

CR(R3) = {oi|t € W()(X)\ X and t = f(t1,t2) where ¢; = z; for some
i € {1,2} and var(t) N Xo = {2} U {0 f(01,20)s Tf(woser) )

Let CR(Hypc(2)) := CR(R3) U Ry U Ry = E(Hypc(2)) U {0 f(23,21) }-

Then we have:

. CR(Hypg(2)) is the set of all intra-regular elements in Hypg(2).

Let 0, € Hypi(2). The following statements are equivalent:

(i) oy is completely regular;
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(i) oy is left regular;
(iii) oy is right regular;

(iv) oy is intra-regular.

5.6 Factorisable Monoid of Generalized Hypersubstitutions of Type 7 =
(2)

Let oy € Hyps(2). We denote
Rigme@) = {odt = f(w2,t") where t' € Wiy)(X) such that z; ¢ var(t') and
rightmost(t') # xa},

Rltype ), =
leftmost(t') # x1},
R?Hypc(2))3 =
rightmost(t') # x1},
Rlttypa@n, =
leftmost(t') # xa},

Ribype2))s = 1oult = 21,22, f(21, 72), (22, 71)},

{odt = f(',z1) where t' € Wy)(X) such that z2 ¢ var(t') and
{odt = f(x1,t") where t' € Wiyy(X) such that xy ¢ var(t') and

{out = f(t',29) where t' € Wiy (X) such that x1 ¢ var(t') and

Rtype(2))s = Lot|var(t) N {z1, z2} = 0} and

4
(UR) ypo(2) = \J Blttgpo): Y Rittpa)s Y Riypo(2)s-
=1
Then we have:

L. (UR)fype(2) is a submonoid of Hyps(2).
2. (UR)gypg(2) 18 a unit-regular submonoid of Hypg(2).

3. (UR)Hype(2) 1s a maximal unit-regular submonoid of Hypg(2).

W

- (UR) grype(2) is a maximal factorisable submonoid of the monoid generalized hyper-

substitutions of type 7 = (2).

5.7 Factorisable Monoid of Generalized Hypersubstitutions of Type 7 =
(n)

Let o € Hypg(n). We denote Ri, Ry as in Section 5.3 and denote

R% = {o4|t = f(t1,....tn) Where t;, = xj,,....t;,, = x;,, for some i1,...,0m,j1, ..., Jm

im

e {1,..,n} and var(t) N X,, = {zj,,...,xj,, } and if z;, € var(ty) for some I € {1,...,m}
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and k € {1,....,n} \ {i1,...,im} then there exists (k1,...,kp) € seq'*(xj,) such that k, = i
for some ¢q € {1,...,p}}.

Let (UR) Ry U Ry UR;.

Hypg(n) *=
Then we have:

L. (UR)Hype (n) is a submonoid of Hypg(n).
2. (UR)gypg(n) is a unit-regular submonoid of Hypg(n).
3. (UR)

Hype(n) 18 @ maximal unit-regular submonoid of Hypg(n).

W

- (UR) Hype (n) 1s @ maximal factorisable submonoid of the monoid generalized hyper-

substitutions of type 7 = (n).
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