
CHAPTER 5

Conclusion

In this study, we found that

5.1 All Unit Elements in HypG(n)

1. Let σt ∈ HypG(n) where t = f(t1, t2, ..., tn) ∈ W(n)(X). If ti ∈ W(n)(X)\X for some

i ∈ {1, 2, ..., n}, then σt is not unit.

2. Let σt ∈ HypG(n) where t = f(xm1 , xm2 , ..., xmn) ∈ W(n)(X). If mi > n for some

i ∈ {1, 2, ..., n}, then σt is not unit in HypG(n).

3. An element σt ∈ U(HypG(n)) if and only if t = f(xπ(1), xπ(2), ..., xπ(n)) where π ∈ Sn

and Sn is the set of all permutations of {1, 2, ..., n}.

4. U(HypG(n)) = {σt ∈ HypG(n)|t = f(xπ(1), ..., xπ(n)) where π ∈ Sn}.

5. |U(HypG(n))| = n!.

6. U(HypG(2)) = {σf(x1,x2) = σid, σf(x2,x1)}.

5.2 All Unit-regular Elements in HypG(2)

Let σt ∈ HypG(2). We denote

R(HypG(2))1 := {σt|t = f(x2, t
′) where t′ ∈ W(2)(X) such that x1 /∈ var(t′)},

R(HypG(2))2 := {σt|t = f(t′, x1) where t′ ∈ W(2)(X) such that x2 /∈ var(t′)},
R(HypG(2))3 := {σt|t = f(x1, t

′) where t′ ∈ W(2)(X) such that x2 /∈ var(t′)},
R(HypG(2))4 := {σt|t = f(t′, x2) where t′ ∈ W(2)(X) such that x1 /∈ var(t′)},
R(HypG(2))5 := {σt|t ∈ {x1, x2, f(x1, x2), f(x2, x1)}} and

R(HypG(2))6 := {σt|var(t) ∩ {x1, x2} = ∅}.

Then we have:

1.

6⋃
i=1

R(HypG(2))i is a set of all unit-regular elements in HypG(2).
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2.

6⋃
i=1

R(HypG(2))i is not closed under ◦G, i.e.
6⋃

i=1

R(HypG(2))i is not a subsemigroup of

HypG(2).

5.3 All Unit-regular Elements in HypG(n)

1. For each σs, σt ∈ HypG(n) where t = f(t1, ..., tn) such that ti1 = xj1 , ..., tim = xjm

for some i1, . . . , im, j1, . . . , jm ∈ {1, ..., n} and var(t) ∩ Xn = {xj1 , ..., xjm}. Let

h1, ..., hp ∈ {j1, . . . , jm} and hl �= hr if l �= r. Then σt ◦G σs ◦G σt = σt if and

only if s = f(s1, ..., sn) where shq = sjl = xil for all q ∈ {1, ..., p} and for some

l ∈ {1, ...,m}.

2. E(HypG(n)) is not a subsemigroup of HypG(n).

3. Let t, s ∈ W(n)(X) \X, x ∈ var(t) and var(s) ∩Xn = {xz1 , ..., xzk}. If (i1, ..., im) ∈
seqt(x) where i1, ..., im ∈ {z1, ..., zk} then x ∈ var(σ̂s[t]) = var(σs ◦Gσt) and there is

(ai1 , ..., aim) ∈ seqσ̂s[t](x) where aij is a sequence of natural numbers j1, ..., jh such

that (j1, ..., jh) ∈ seqs(xij ) for all j ∈ {1, ...,m}.

4. Let t = f(t1, ..., tn) where ti1 = xj1 , ..., tim = xjm for some i1, ..., im, j1, ..., jm ∈
{1, ..., n} and var(t) ∩ Xn = {xj1 , ..., xjm}. If xjl ∈ var(tk) for some l ∈ {1, ...,m}
and k ∈ {1, ..., n} \ {i1, ..., im} where (k1, ..., kp) ∈ seqtk(xjl) for some k1, ..., kp ∈
{1, ..., n} \ {il} then there exists σs ∈ HypG(n) such that σs ◦G σt is not a unit-

regular element in HypG(n).

Let σt ∈ HypG(n). We denote

R1 := {σxi |xi ∈ X},
R2 := {σt|t ∈ W(n)(X) \X and var(t) ∩Xn = ∅},
R3 := {σt|t ∈ W(n)(X) \X such that t = f(t1, ..., tn) where ti1 = xj1 , ..., tim =

xjm for some i1, ..., im, j1, ..., jm ∈ {1, ..., n} and var(t) ∩Xn = {xj1 , ..., xjm}}.
Then we have :

5.

3⋃
i=1

Ri is the set of all unit-regular elements in HypG(n).

6.

3⋃
i=1

Ri is not a unit-regular submonoid and it is not a regular submonoid of HypG(n).

5.4 All Completely Regular Elements in HypG(n)

1. For each σt ∈ E(HypG(n)), σt is a completely regular element in HypG(n).
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2. For each σt ∈ U(HypG(n)), σt is a completely regular element in HypG(n).

3. Let t = f(t1, ..., tn) where ti1 = xj1 , ..., tim = xjm for some i1, . . . , im, j1, . . . , jm ∈
{1, ..., n} and var(t) ∩ Xn = {xj1 , ..., xjm}. If there exists l ∈ {1, ...,m} such that

til = xjl where il /∈ {j1, ..., jm}, then σt �= σs ◦G σ2
t for all σs ∈ HypG(n).

Let σt ∈ HypG(n). We denote R1, R2, R3 as in Section 5.3 and denote

CR(R3) := {σt|t = f(t1, ..., tn) there is ti1 = xπ(i1), ..., tim = xπ(im) and π is

a bijective map on {i1, ..., im} for some i1, . . . , im ∈ {1, ..., n} and var(t) ∩ Xn =

{xπ(i1), ..., xπ(im)}}.
Let CR(HypG(n)) := CR(R3) ∪R1 ∪R2.

Then we have:

4. For each σt ∈ CR(R3), σt is a completely regular element in HypG(n).

5. Let CR(HypG(n)). Then CR(HypG(n)) is the set of all completely regular elements

in HypG(n).

6. Let σt ∈ CR(HypG(n)). Then σt is both left regular and right regular element in

HypG(n), and σt is an intra-regular element in HypG(n).

7. If σt ∈ R3 \ CR(R3), then σt is not a left regular element in HypG(n).

8. CR(HypG(τ)) is not a submonoid of HypG(τ).

5.5 All Intra-regular Elements in HypG(2)

5.5.1 Sequence of Terms

1. Let t, s ∈ W(n)(X) \ X and x
(j)
i ∈ var(t) for some i, j ∈ N and let seqt(x

(j)
i ) =

i1, ..., im. Then xi1 , ..., xim ∈ var(s)∩Xn if and only if x
(j,j1)
i ∈ var(σ̂s[t]) = var(σs◦G

σt) for some j1 ∈ N and seqσ̂s[t](x
(j,j1)
i ) = (ai1 , ..., aim) where ail is a sequence of

natural numbers p1, ..., pq such that (p1, ..., pq) = seqs(xhl
il
) for some hl ∈ N and for

all l ∈ {1, ...,m}.

2. Let t, s ∈ W(n)(X) \ X and x
(j)
i ∈ var(t) for some i, j ∈ N such that seqt(x

(j)
i ) =

i1, i2, ..., im for some i1, i2, ..., im ∈ {1, ..., n} and xik ∈ var(s) for all 1 ≤ k ≤ m.

Then there is j1 ∈ N such that

depthσ̂s[t](x
(j,j1)
i ) = depths(x

(l1)
i1

) + depths(x
(l2)
i2

) + ...+ depths(x
(lm)
im

)
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for some l1, l2, ..., lm ∈ N, and

vbσ̂s[t](x
(j)
i ) = vbs(xi1)× vbs(xi2)× ...× vbs(xim).

Let vbt(xi) = d.

If xi ∈ Xn, then vbσ̂s[t](xi) =

d∑
j=1

vbσ̂s[t](x
(j)
i ).

If xi ∈ X \Xn where xi /∈ var(s), then vbσ̂s[t](xi) =
d∑

j=1

vbσ̂s[t](x
(j)
i ).

5.5.2 All Intra-regular Elements in HypG(2)

1. If t = f(t1, x1) where t1 ∈ W(2)(X) \X2 then σt is not intra-regular in HypG(2).

2. If t = f(x2, t2) where t2 ∈ W(2)(X) \X2 then σt is not intra-regular in HypG(2).

3. If t = f(x1, t2) where t2 ∈ W(2)(X) \X2 and x2 ∈ var(t) then σt is not intra-regular

in HypG(2).

4. If t = f(t1, x2) where t1 ∈ W(2)(X) \X2 and x1 ∈ var(t) then σt is not intra-regular

in HypG(2).

5. If t = f(t1, t2) where t1, t2 ∈ W(2)(X) \ X2 and var(t) ∩ X2 �= ∅ then σt is not

intra-regular in HypG(2).

Let σt ∈ HypG(2). By the definition of R1, R2, R3 in Section 5.3 and CR(R3)

in Section 5.4, we have

R1 := {σxi |xi ∈ X};
R2 := {σt|t ∈ W(2)(X) \X and var(t) ∩X2 = ∅};
R3 := {σt|t ∈ W(2)(X)\X and t = f(t1, t2) where ti = xj for some i, j ∈ {1, 2}

and var(t) ∩X2 = {xj}}∪ {σf(x1,x2), σf(x2,x1)};
CR(R3) := {σt|t ∈ W(2)(X) \ X and t = f(t1, t2) where ti = xi for some

i ∈ {1, 2} and var(t) ∩X2 = {xi}}∪ {σf(x1,x2), σf(x2,x1)}.
Let CR(HypG(2)) := CR(R3) ∪R1 ∪R2 = E(HypG(2)) ∪ {σf(x2,x1)}.

Then we have:

6. CR(HypG(2)) is the set of all intra-regular elements in HypG(2).

7. Let σt ∈ HypG(2). The following statements are equivalent:

(i) σt is completely regular;
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(ii) σt is left regular;

(iii) σt is right regular;

(iv) σt is intra-regular.

5.6 Factorisable Monoid of Generalized Hypersubstitutions of Type τ =

(2)

Let σt ∈ HypG(2). We denote

R∗
(HypG(2))1

:= {σt|t = f(x2, t
′) where t′ ∈ W(2)(X) such that x1 /∈ var(t′) and

rightmost(t′) �= x2},
R∗

(HypG(2))2
:= {σt|t = f(t′, x1) where t′ ∈ W(2)(X) such that x2 /∈ var(t′) and

leftmost(t′) �= x1},
R∗

(HypG(2))3
:= {σt|t = f(x1, t

′) where t′ ∈ W(2)(X) such that x2 /∈ var(t′) and

rightmost(t′) �= x1},
R∗

(HypG(2))4
:= {σt|t = f(t′, x2) where t′ ∈ W(2)(X) such that x1 /∈ var(t′) and

leftmost(t′) �= x2},
R(HypG(2))5 := {σt|t = x1, x2, f(x1, x2), f(x2, x1)},
R(HypG(2))6 := {σt|var(t) ∩ {x1, x2} = ∅} and

(UR)HypG(2) =

4⋃
i=1

R∗
(HypG(2))i

∪R(HypG(2))5 ∪R(HypG(2))6 .

Then we have:

1. (UR)HypG(2) is a submonoid of HypG(2).

2. (UR)HypG(2) is a unit-regular submonoid of HypG(2).

3. (UR)HypG(2) is a maximal unit-regular submonoid of HypG(2).

4. (UR)HypG(2) is a maximal factorisable submonoid of the monoid generalized hyper-

substitutions of type τ = (2).

5.7 Factorisable Monoid of Generalized Hypersubstitutions of Type τ =

(n)

Let σt ∈ HypG(n). We denote R1, R2 as in Section 5.3 and denote

R∗
3 := {σt|t = f(t1, ..., tn) where ti1 = xj1 , ..., tim = xjm for some i1, ..., im, j1, ..., jm

∈ {1, ..., n} and var(t) ∩ Xn = {xj1 , ..., xjm} and if xjl ∈ var(tk) for some l ∈ {1, ...,m}
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and k ∈ {1, ..., n} \ {i1, ..., im} then there exists (k1, ..., kp) ∈ seqtk(xjl) such that kq = il

for some q ∈ {1, ..., p}}.
Let (UR)HypG(n) := R1 ∪R2 ∪R∗

3.

Then we have:

1. (UR)HypG(n) is a submonoid of HypG(n).

2. (UR)HypG(n) is a unit-regular submonoid of HypG(n).

3. (UR)HypG(n) is a maximal unit-regular submonoid of HypG(n).

4. (UR)HypG(n) is a maximal factorisable submonoid of the monoid generalized hyper-

substitutions of type τ = (n).
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