CHAPTER 2

Basic Concepts and Preliminaries

In this chapter, we recall and give some useful definitions, and results which

will be used in the later chapter.

2.1 System of Linear Equations

In this part, we present the necessary definitions, examples and theorems
concerning system of linear equations. A linear equation in variables x1,xo, ..., x, of

equation that can be written in the from
a1ry + agry + -+ ap¥y = b

where b and the coefficients a1, ag, ..., a,, are real numbers.
A system of linear equations is a collection of one or more linear equations involving

the same variables say x1, x2, ..., T, such as

6xy + 52 = —6
—4x1 4+ 229 = 3.

A solution of the system n variables is a list (s1, s2, ..., 8,) of numbers that makes
each equation a true statement when the values s1, s9, ..., s, are substituted for x1, 2, ..., T,
respectively. We call (s, s2, ..., $) is an ordered n-tuple. With this notation it is under-
stood that all variables appear in the same order in each equation. If n = 2, then n-tuple
is called an ordered pair, and if n = 3, then it is called an ordered triple.

Linear system in two unknowns arise in connection with intersections of lines. For

example, consider the linear system

a1x1 + asxre = C1

bix1 + baxo = co

in which the graphs of the equations are line in the xy-plane. Each solution of this system
corresponds to a point of intersection of the lines, so there are three possibilities:
1. No solution, or

2. Exactly one solution, or



3. Infinitely many solutions.
In general, a system of linear equations is said to be consistent if it has either one

solution or infinitely many solutions; a system is inconsistent if it has no solution.

Matrix Notation
In order to solve a system of linear equations, we usually write it into a matrix form.

Given the system

1 — 229+ 23 =0
201 —x9 +4x3 =1

3x1 —x9 —bxy =2

which the coefficients of each variable aligned in columns the matrix

1= =2%1 1]
2 -1 4
3 -1 =5

is called the coefficient matrix of the system and

1 -2 110
2 -1 41
3 -1 =52

is called the augmented matrix of the system. An augmented matrix of a system consists
of the coefficient matrix with and added column containing the constants from the right
sides of the equations. The size of a matrix tells how many rows and columns it has.
The augmented matrix above has 3 rows and 4 columns and is called a 3 x 4 (read 3 by
4) matrix. If m and n are positive integers, an m X n matrix is a rectangular array of
numbers with m rows and n columns.

Normally, for solving a system of linear equations, we use algebraic operations as
follows:

1. Multiply an equation through by a nonzero constant.

2. Interchange two equations.

3. Add a constant times one equation to another.

A system of linear equations can be written in the matrix form, AX = B we call
[A|B] an augmented matrix. In order to solve the equation AX = B, we usually use the
following three operations on augmented matrix:

1. Multiply a row through by a nonzero constant.



2. Interchange two rows.
3. Add a constant times one row to another.

They are called elementary row operations on a matrix.

Definition 2.1.1. [3] A rectangular matrix is in echelon form (or row echelon form) if it
has the following three properties:

1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row is in a column to the right of the leading entry of
the row above it.

3. All entries in a column below a leading entry are zeros.

If a matrix in echelon form satisfies the following additional conditions, then it is in
reduced echelon form (or reduced row echelon form):

4. The leading entry in each nonzero row is 1.

5. Each leading 1 is the only nonzero entry in its column.
Matrix multiplication

Definition 2.1.2. [4] If A is an m x n matrix and B is an n X r matrix, then the product

C = AB is an m x r matrix. The (i, j)-entry of the product is computed as follows:

n
Cij = ainby; + aigboj + -+ + inbn; = > _ airby;.
k=1

1 2 2°0—-1/1
Example 2.1.1. Let A = and B = . Find AB.
1 4 1 3 2
1y 2 2 1 ils 1(2)+2(1) 1(-1)+2(3) 1(4)+2(2
Sottion A5 _[i@+200 104260 19420
1 4 14 © 3h2 1(2) +4(1) 1(=1)+4(3) 1(4)+4(2)
4 5 8
6 11 12
Determinant
aip a2 ) .
Let A = be a 2 x 2 matrix. We define the determinant of A by
az1 a2

detA = a11a22 — a12a921.

Definition 2.1.3. [1] Let A = [a;;] be an n x n matrix. Let M;; be the (n —1) x (n —1)
submatrix of A obtained by deleting the i*” row and j* column of A. The determinant

det(M;;) is called the minor of a;;. The cofactor Cj; of a;; is defined as

Cij = (—1)i+jd6tMij.



Theorem 2.1.2. [4] The Laplace Expansion Theorem

The determinant of n x n matriz A = [a;;], where n > 2, can be computed as
n
detA = a;1Ciy + ainCia + -+ + ainCin = > _ a;;Cyj
j=1
(which is the cofactor expansion along the it row) and also as
n
detA = a1;C1j + azjCoj + - - - + a,jChj = Z a;;Cij
i=1

(which is the cofactor expansion along the j** column,).

Definition 2.1.4. A square matrix is called upper (lower) triangular if all its elements

below (above) the main diagonal are zero.

Theorem 2.1.3. [1] The determinant of a triangular matriz is the product of the entries

on its main diagonal. Specifically, if A = [a;j] is n X n triangular matriz, then
detA = a11a99 - App-

Properties of determinants [4] : Let A be a square matrix.

1. If a multiple of one row of A is added to another row to produce a matrix B, then
detB = detA.

2. If two row of A are interchanged to produce B, then detB = —detA.

3. If one row of A is multiplied by k to produce B, then detB = kdetA.

Inverse of Matrix

Definition 2.1.5. [1] An n X n matrix A is called nonsingular (or invertible) if there

exists an n x n matrix B such that
AB = BA =1,

The matrix B is called an inverse of A. If there exists no such matrix B, then A is called

nonsingular (or noninvertible).

We shall now write the inverse of A, if it exist, as A~!. Thus

AAT = ATTA =1,



1 2 7T 2
Example 2.1.4. If A = and C' = , then

4 7 4 -1
1 2 -7 2 1 0 -7 2 1 2 1 0
AC = = and CA= =
4 7 4 -1 0 1 4 -1 4 7 01
Thus C = A~1L.

Definition 2.1.6. [1] Let A = [a;;] be an n x n matrix and let B be a matrix of cofactors

of A. Then the adjoint of A, written adjA, is the transpose of n X n matrix B, that is
Cn -+ Cm
adjA = B' =
Cln o Cnn
Theorem 2.1.5. [/] If A is an invertible n x n matriz, then the system of linear equations

given by AX = B has unique solution X = A™'B for any matriz B with size n x 1.

Theorem 2.1.6. [Gauss-Jordan Elimination] If augmented [A|B] is row reduce to [I|P],
then P is the solution of the equation AX = B.

Elementary Matrices

Definition 2.1.7. [4] An elementary matrix is any matrix that can be obtained by per-

forming an elementary row operation on an identity matrix.

Example 2.1.7. Elementary matrices and Row operations: Listed below are four ele-

mentary matrices and the operations that produce them.

(1) Multiply the second row of I by —7.

_0 10 0_

Lo Interchange the first and second rows of Iy.
0 010

0 0 01

_1 00

0 1 0| Add 2 times the second row of I3 to the third row.
0 21

-1 0 0

0 1 0 | Multiply the third row of I3 by —1.

0 0 —1



Theorem 2.1.8. [}] Let E be the elementary matriz obtained by performing an elementary
row operation on I,. If the same elementary row operation is performed on an nxr matric

A, the result is the same as the matriz EA.

Theorem 2.1.9. [4] Let A be a square matriz. If a sequence of elementary row operations

reduces A to I, then the same sequence of elementary row operations transforms I into

AL

Definition 2.1.8. [2] The number of nonzero rows in the row-echelon form of a matrix

is known as its rank.

Theorem 2.1.10. [2/ Consider the nonhomogeneous equations AX = B where A is mxn.
One of the following possibilities must hold:

(a). If the rank of the augmented matriz [A|B] is greater than the rank of A, then the
system of equations is inconsistent.

(b). If the rank of [A|B] is equal to the rank of A, this begin equal to the number of
unknowns, then the equations have a unique solution.

(c). If the rank of [A|B] is equal to the rank of A, this begin less than the number of

unknows, then the equations have an infinity of solutions.

Computation of A~1[6]
To calculate the inverse of a nonsingular size n X n matrix A, we can proceed as
follows:
Step 1. From the size n x 2n matrix [A|]].
Step 2. Use elementary row operations to transform [A|I] to the form [I|B].

In this final form, B = A~L.

1 2 3
Example 2.1.11. Find the inverse of the matrix [2 5 3
1 0 8
1 2 3[{1 00 _1 2 3] 100
Solution. [ 2 5 3/0 1 0|~ |0 1 =3[-2 1 0] ro:=my—2r
1 0 8|0 0 1 0 -2 5|—-1 0 1| rg:=r3—m

1 2 3 1 00
~101 -3|-2 10
00 —-1|]-5 21 r3 =13+ 219




1 5 =2 =1 | rg:=(=1)rs

2
1
0
1 2 0|-14 6 3 r1 =11 — 3r3
~10 1 0] 13 =5 =3 | ro:=ro+3r3
0 01 5 —2 -1
[ 1 0 0|—-40 16 9 ] r1I=17T1 — 279
~10 10| 13 -5 =3
0 01 5 =2 -1

Thus A=t =] 13 -5 —3]|.

2.2 Solving System of Linear Equations

2.2.1 Gaussian Elimination

Row-reduce the coefficient matrix to row echelon form, solve for the last unknown,

and then use back substitution to solve for the other unknown.
Example 2.2.1. Find the solution of linear system

rH+y+z=2
20 — 3y + 4z = -1
z+ 5y + 32 =6.

Solution. The augmented matrix is

1 1 1} 2
2 =3 4]-1
1 5 3|6

Row-reduce the coefficient matrix to row echelon form.

1 1 1| 2 1 11 2
2 -3 4|-1|~]0 =5 2|-5 T9 1= T9 — 211
1 5 3|6 0 4 2| 4| r3:=r3—rg



18 4
0 0 = 0 r3 =713+ 57“2
Then we have
18
Z= 0 (2.1)
=5y +22 = -5 (2.2)
r+y+z=2 (2.3)

From (2.1) we have z = 0.
Substitute z = 0 in (2.2), we have y = 1.
Substitute z = 0 and y = 1 in (2.3), we have = 1.
Hence the solution are x =1,y = 1 and z = 0.
2.2.2 Gauss-Jordan Elimination
Row-reduce the coefficient matrix to reduced row echelon form.

Example 2.2.2. Find the solutions of linear system

2 4+y="7
T+ 2y =8.

Solution. The augmented matrix is
2 117

e%2 V¥

Row-reduce the coefficient matrix to reduced row echelon form.

2 17| |1 g5 | m=gn
1 2|8 1 2|8
F
AR
_O % %_ roi=1T9 —T]
F ]
N
0 1[3 ]| ro=2r
1 02 Tlizrl—%'l“g
0 13

Hence x =2 and y = 3.

10



2.2.3 Using X=A4"'B

By Theorem 2.1.5 if A is an invertible n x n matrix, then for each n x 1 matrix B,

the system of equation AX = B has exactly one solution, namely, X = A~!'B.
Example 2.2.3. Find the solutions of linear system

1+ 3x9 =38

T —21)2 =3.

Solution. From the linear system we have

1 3 I 8
1 -2 T2 3
1 3 X 8
We know that A = , X = , B = :
1 -2 X9 3

First, we find A~! by Row-reduce A to I,,.

Consider
1 3|1 0 1 3 1 0
1 20 1 0 -5 |—-1 1 To i== o — T4
1 3|1 0
_O 1 % —%_ TQZZTQ—%TQ
£ 1 0 % % r1i=1T1 — 3r9
1 1
oPyright© sy
2 3
Then we have A~! = ‘;’ 51
5 5
Since X = A™'B,
T . % % 8
) % —% 3
T . 5
T2 1 .

Hence 1 =5 and z9 = 1.

11



2.2.4 Cramer’s rule
Let [1]
a11x1 + a1are + -+ - + a1pxy = by

a1 + agere + -+ - + agn T, = by

121 + Ap2T2 + -+ + App®y = by,

be a linear system of n equations in n unknowns and let A = [a;;] be a coefficient matrix
so that we can write the given system as AX = B, where

b1
bo

bn,

If detA # 0, then the system has unique solution. This solution is

_detAy ~ detA _ detA,
TS et A7 ot " P kA’

where A; is the matrix obtained by replacing the i** column of A by B.

Example 2.2.4. Find the solutions of linear system
z+y+2z=9

2 +4y—3z=1

3z 4+ 6y — 52 = 0.

Solution. From the linear system we have

Ly1-1y x 9

2 4 -3 y|l = |1

3 6 =5 z 0
We know that

1 1 2 T 9
A=|2 4 -3, X=ly|, B= |1
3 6 =5 z 0
First, we find detA, detAy, detA,, detAs.
11 2 9 1 2
detA=1|9 4 -3 |=-1, detAi=|1 4 -3 |=-1,
3 6 =5 0 6 =5

12



1 9 2 1 19
detAs =192 1 -3 |=-2, detAs=1|2 4 1 |=-3.
3 0 -5 360

Then the solutions are

_detA; -1 Lue detAs -2 _detAz -3

TTetA T 1 YT qetAd T 1T 0% T detA T —1

There for x =1,y =2,z = 3.

2.2.5 LU-Decomposition

Definition 2.2.1. A factorization of a square matrix A as A = LU, where L is lower

triangular and U is upper triangular is called an LU-decomposition of A.

Suppose A can be reduced to an echelon form U using only row replacements that

add a multiple of one row to another row below it. In this case, there exist unit lower

triangular elementary matrices E1, ..., £, such that
E,---EyE1A=U.
Since elementary matrices are invertible, we can solve for A as
i A -1
A=E] E; B U

or more briefly as

A=LU,
where
L=Ef'E;t - By
The Method of LU-Decomposition
Step 1. Rewrite the system AX = B as
LUX = B.

Find U and L from E,--- EyEyA=U and L = E{ "By -+ B L.
Step 2. Define a new n x 1 matrix Y by

UX =Y.

Use (2.5) to rewrite (2.4) as LY = B and solve this system for Y.

Step 3. Substitute Y in (2.5) and solve for X.

13



Example 2.2.5. Find the solution of linear system

31 +2x0+23="7
1 — 229 + 223 = —3
4r1 — x9 + 313 = 2.

Solution. From the linear system, we can write

3 21 1 7
1 -2 2 zo| = | =3
4 -1 3 x3 2
Let
3 21 1
A=11 -2 2|, X = |zao|,
4 -1 3 x3

First, we find U by row reducing of A,

3 21 3 2 1
A=11 -2 2|~ |0 —% % 7‘2::7’2—%1“1
4 -1 3 0 —1—31 % T3 ::7“3—%1"1
_3 2 1
~lo -3
0 0 —% 7“3:27”3—1—817”2

By row operation we have F;, Ey, E3 that is :

1 0 0 1 00
Ey=|-1 1 0], Ey=10 1 0],
0 0 1 -3 01
Then Efl,Egl,E:;l are
1 00 1 00
Ef'= |1 1 o, Ey'=10 1 0
00 1 201

14



We can find L by Efl,Egl,Eg_l so that

1 001 0Ol 0O 1 00
L=z 1 0[]0 10[|0 1 0of=f3 1 0
00 1|3 0 1[]0 & 1 s 4
So A= LU, we get
321 1 o of3 2 1
1 =2 2|=|3 1 0|0 =% 2
4 -1 3 2 410 ]lo o -3

Second, from AX = B, we have that LUX = B.
define a new n x 1 matrix Y by UX =Y, then LY = B that is

1 0 0f [ 7
% 1 0 Y2 | — 3
5w 1 |m 2
So we have
n="1
I +1ys = -3
3y1 Yo =
5 +11 +y3 =2
3y1 8y2 Yz = 2.

Solve this system for Y we have y; = 7,y2 = —1-36, ys = 0.

Finally, substitute Y in UX =Y and solve for X, then

32 1| |n 7

8 5 — 16
0 =3 3 ||=2 | -%
0 0 =21 |z3 0

So we have

3x1+2x0+23="7

L5 16
—sTo+ T3 = ——
372" 37 3
5
—g.iUg:O

Solve this system for X we have z; = 1,292 = 2,23 = 0.

Hence the solutions of the system are z1 = 1,29 = 2,3 = 0.

15



Algorithm for finding A~!
In 2014, Jafree et al.[5] introduced an algorithm for finding A~! by constructing
the dictionary of matrix as follows : For matrix A of size n x n, we define the dictionary

matrix D(A) by

I T2 T3 s In
Y1 a1 a2 a3 - Qln
Y2 a21 Q22 G23 - QA2p
D(A) =
Yn Anl Ap2 Aap3 -~ Aapp

Step 1. Set H :={1,2,...,n}, B :={y1,92, .--sYn}, N := {x1, 29, ..., 2, }. Construct dictio-
nary of the matrix A, i.e. D(A).

Step 2. Set P :={p:y, € B}.

Step 3. If P = (), goto Step 6, otherwise, choose p € P and

let L:={k:ap #0,2, € N}.

Step 4. If L = (), then inverse does not exist and exit. Otherwise, for any p € P,k € L

taking
o

Qpj = ﬂ7vj € H - {k}7
apéf‘

m; == ——% Vi € H— {p},
apk

a;i, :=m;,Vi € H — {p},
aij = a;j +apj x my, Vi € H —{p},Vj € H —{k},
Step 5. B := (BU{xg}) —{yp}, N := (N —{zx}) U{y,}. Update D(A) and goto Step 2.

Step 6. A™! = [a;;],z; € B,y; € N for all 4,j € H and exit.

Consider Algorithm for finding A~! and finding A~! by row operaton [A|I] to [[|A7!]
Algorithm for finding A~!

We have
T T2 T3 Tn
Y1 a1 ai2 a3 -+ QAln
Y2 a21 Qa22 G23 -+ QA2p
D(A) =
Yn Anl Ap2 Aap3 - Aapp

16



If we choose p = 1,k = 1 such that a;; # 0. By step 4, we get

U1 x2 r3 s Tn
1 1 a12 a13 . ain
ail ail ail aii
_a21 — a2 — a31 — 21
D(A) = Y2 an @22 — L 012 a3 — 013 A2n = 41 %n
anl ani anil anl
Yn L _ﬁ Qp2 — ﬁam an3 — Trlblal?) ot Qpp — ﬁaln i

Finding A~! by row operaton [A|I] to [I|A™].

If we use the row operations for finding A~!in Step 4, we obtain the following :

a1 a2 a3 - ap |10 0 - 0
a1 A2 Q23 -+ QA2p O 10 --- 0
[A|I] =
apl Ap2  ap3 ann |0 0 0O 1
[ a2 a3 ., 4 | _L A | JE 1
1 ai1 a1l a1l | a1l 00 0 TLF o't
asy aze azz -+ az | 0 1.0 --- 0
~Y
Apl QAp2 Qp3 < app| O 0 O --- 1
[ a2 - ain =" - 1
1 ail ail ail 00 0
L = TN 62 . & Qin _ 221 i1 — _
N 0 age asy el aon asy 3 ol 1 1 0 0 T 1= T9 a1’y
i 0 an2 —am a11 Ann — Qnl a1l @il 00 1 i Tn '=Tn — Qpi1T1.

We note that the first column of D(A) is the same as the (n 4 1) column of [A|I].
After the n'” iteration, we obtain [A|I] ~ [[|A~!] and D(A) = A~L.

17



1 3 -3 2

1 3 1 4
Example 2.2.6. Find the inverse of A =

o1 3 -1

4 1 3 )

Solution. Step 1. Set D(A) by

Y1 1 3 -3 2
1 3 1 4
D(A) = Y2
Y3 0 1 3 —1
Y4 4 1 3 )

and H :={1,2,3,4}, N := {z1, 22,23, 24}, B := {y1,Y2,Y3, Y}
Iteration 1 :

Step 2. Set P:={1,2,3,4}.

Step 3. Since P # (), taking p = 1, we get L := {1,2,3,4}.
Step 4. Since L # (), taking k = 1, then

aig ‘= %? = 3, aiz ‘= %T = —3, al4 = % = 2,
mgz—%:—l, m3:—%:0, m4:—%:—4,
ag21 = Mo = —1, az] :— m3 — 0, a4q1 = My — —4,
ag = agy + ajgmsz = 0, ags = ag3 + ajgmg = 4,

a4 = az4 + apama = 2, asz := agz +ajgmz = 1,

ass = ass + ajzms = 3, asq = agq +aygmg = —1,

ag9 = ag2 + ajgmy = —11, a43 = a43 + aizmyg = 15,

A4q = Qg4 + a1amy = —3, ap = =1

ail

Step 5. B := (BU{x1}) —{n1} = {21, 92,43, 94},
N := (N —{z1}) U{ni} = {y1, 2, 23,24} and

Yyr T2 T3 T4

T 1 3 -3 2
Y2 -1 0o 4 2
Y3 0 1 3 —1
im -4 —-11 15 -3

Tteration 2 :
Step 2. Set P = {2,3,4}.
Step 3. Since P # (), taking p = 2, we get L = {3,4}.

18



Step 4. Since L # (), taking k = 3, then

agy = 8L = —q, agy i= 2 =, agy = 92 = g,
R T . o T
i3 = mp = %7 ag3 :=mg = —%, (43 = My = _1475,
a1 = ail +a21my = %7 a2 = aiz + agemi = 3,
Q14 1= Q14 + a24M1 = %, a3l ‘= a3l + az1ms = %,
asg := agg + azgmg = 1, ass := ass + agamz = —3,
a41 = Q41 + G21M4 = i, Q42 = Q42 + agamg = —11,
44 := Qg + agamy = — 2, a93 1= é =1
Step 5. B = (BU {3}) — {yo} = {1, 23,2, )
N := (N —{x3}) U{ya} = {y1, v2, y2, 74} and
Yyr T2 Y2 T4
5 ZRNCAY
N SR
W28 TN 2
yeo| -3 -1 B -Z
Iteration 3 :
Step 2. Set P = {3,4}.
Step 3. Since P # (), taking p = 3, we get L = {2,4}.
Step 4. Since L # (), taking k = 2, then
asi 3:%:%, ass ::Zi:—%, asy ::Z%:—%,
my = —gk = -3, e <22 =4, myg = =082 =1
aig == mp = —3, agg = mg = 0, g9 = my = 11,
a] ‘= ai1 +az1mi; = —2, a13 := ais + azzmi = 3,
a14 := a1a + azamq = 11, ag1 = ag1 + az1mg = —i,
ag3 = ags + agzmy = 1, agy := agy + azama = 3,
a41 := a41 + az1myg = 8, (43 := Q43 + azzmg = —12,
Q44 = Q44 + aggmy = —38, aso 1= L -1

asz2

Step 5. B := (BU{x2}) — {ys} = {z1, 23,22, y4},
N := (N —{x2}) U{ys} = {y1,¥3,y2, 74} and

19



<
—
<
w
<
)

8
N

1 -2 -3 3 11
1 1 1
T3 —7 0 1 5
D(A) = 1 ] 2
T 3 1 -3 _3
2 4 4 2
m 8 11 —12 —38
Iteration 4 :
Step 2. Set P = {4}.
Step 3. Since P # (), taking p = 4, we get L = {4}.
Step 4. Since L # (), taking k = 4, then
041 _ _ 4 o4z _ _ 11 43 _ 6
41 = asq 19° 42 = ass 387 @43 := agq 190
— _a4 _ 1 — _a _ 1 — _ a3 _ _ 5
mi1= =4, = 3% m2 = =4 = 7 M3 = "o T 76
a m 11 agy :=m = asy i =mg = —=
14 -— 71 — 39, 24 .= 12 = g, 34 -— T3 — — %5,
— _ 6 .5 £ 7
a1 = an +agmy = 15, a12 = ai2 + a4amy = 3g,
— _ 9 — \ e
a3 := a3 + a43mi = —1g; a1 ‘= a1 +aamg = —=,
- _ji1 B o » Y
agy 1= ag + asgma = =, a3 = a23 + a43ma = =,
— _fne D _ 21
asy := az1 +aqms = = a3z = agzz + asams3 = =,
— _\B o TR ;1
a33 = agz + a43ms3 = =, 44 ' = 507 = 738"

Step 5. B := (BU{z4}) — {ys} = {1, 23, 22, 24},
N = (N —{z4}) U{ya} = {v1, 3, y2,y4} and

KD neIvas Ll ol
1 19 38 19 38
T _u 1 7 s
D(A) = 3 %6 76 76 76
4 7 F® S @r . Vs
2 76 76 76 76
" _4 1 6 _1

4 | 719 38 19 38 |

So P = (). Now place the elements with respect to indices of variables in B and N. For
example, here H = {1,2,3,4}, so x1 € B,y; € N, implies a1 = 1%. Also x1 € B,y3 € N

implies a3 = %. Similarly placing the remaining elements we get

v Y2 Y3 Y4

" 6 _9 17 1
1 19 19 38 38
" 17 3 21 _ 5
D(A) = 2 6 76 76 76
" 17 11
3 76 76 76 76
" _4 6 _11 _1

4 | 719 19 38 38 |
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6 _9 7 1
19 19 38 38
7 3 21 _5
Hence A~ =D(A)=| ™ T 7 7T
i o7 o1 1
76 76 76 76
4 6 11 1
19 19 38 38 ]

Example 2.2.7. Find the solution of linear systems

z+5y+2z=10
4o + 3y +42 =6
2x4+y+ 72 =-3.

Solution. From the linear system, we have

1 5 1| |z 10
4 3 4 |yl =16
2 SI= (| -3
Let
1 51 x 10
A= 14 3 4, X =1yl B=16
217 z -3

First, we find A~! by the algorithm of Jafree et al.
Step 1. Set D(A) by

Tr1 X9 X3
gank Mai L
Y3 2 1 7

and H :={1,2,3}, N := {z1, 22,23}, B := {y1, 42, Y3}
Iteration 1 :

Step 2. Set P :={1,2,3}.

Step 3. Since P # (), taking p = 1, we get L := {1,2,3}.
Step 4. Since L # 0, taking k = 1, then

algzzg—ﬁ:'{), a13::%:1,
mQZ—%:—Zl, WSZ_%:_Z

as1 = mg = —4, as] :=mgz = —2,

a99 1= a9 + ajomo = —17, Q23 = ag3 + aijgme = 0,
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azz = azz +ajpgmz = —9, asz = az3 +ajzmz =5, a1 = i =1.
Step 5 B:= (B U {I‘l}) - {yl} = {$17y27y3}7
N := (N —{z1}) U{y1} = {y1, 2, 23} and

Iteration 2 :

Step 2. Set P := {2, 3}.

Step 3. Since P # (), taking p = 2, we get L := {2, 3}.
Step 4. Since L # (), taking k = 2, then

ag1 = & = 17, ags == 2 =0,
m= =gk = my =g =~
aiz2 ‘= mp = 157, as2 —m3:—1%,
a1y = aiy + ag1my = —15, a1z = aig + aggmy =1,
as1 = ag + az1mz = =, asz = agz + agymg =95, A = é =—1.
Step 5. B := (BU{x2}) — {y2} = {z1, 22,93},
N := (N —{z2}) U{y2} = {y1,92, 23} and
Y Y2 I3
1 —% % 1
D(4) = =z, £ =% 0
Y3 ZMagUny
Iteration 3 :
Step 2. Set P = {3}.
Step 3. Since P # (), taking p = 3, we get L = {3}.
Step 4. Since L # (), taking k = 3, then
asi 12%2%7 ass ::Zi:—%7
my = -3 = 4, my = —2% =0,
a1z = mlz—%, ags :=mg =0,
ai1 = an +agm; = —3, aig = a1z + azgmy = 2,
ass

- _ 4 - _ 1 1 _1
ag1 = a1 +azimz = 1=, a2 = azz +azgaMz = —q=, 033 := ;- = §.

Step 5. B := (BU{x3}) — {ys} = {1, 22, 23},
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N = (N —{x3}) U{ys} = {y1,y2,y3} and

yr Y2
1 2
S 5
_ 4 1
D(A) = T2 7 — 17
2 _9
3 85 85
SoP=§0.
Step 6. Inverse exits.
Hence
_1 2 _1
5 5 5
-1 _ 4 1
AT = = 1 0
2 _9 1
85 35 5

Finally, we can find X by use A~! that is X = A~!B.

So, we have

A R R
yl=| % —-% 0 6
2 % —m% 5] |3

Therefore the solution are x = 1,y =2,z = —1
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