CHAPTER 3

Main Results

In this chapter, we will employ the algorithm of Jafree et al.[5] applying with the

augmented matrix [A|B] to obtain a solution of the system of linear equations, AX = B.

3.1 Algorithm for Solving Linear System

For linear system

a1121 + a19%2 + - -+ + a1pTy = by

a1, + a22x9 T o aoandyn — bg (3 1)

A1 21 + Ap2T2 + - - - + AppTy = by.

We can write linear system (3.1) in form AX = B, where

a’].]. e al] ... a’].n - - - -
71 by
xI9 bQ
A = ail “ e aij “ e a’iTL 5 X = . s B = (32)
Tp bn,
i anl anj aTL?’L ] = B = b

And write (3.2) in augmented matrix form as follows:

air v aig | b
[A|B] =
Aln *+ Qpn | by
Set a;s = b; and set s =n + 1, we get
air -+ Qip | Als
A* =
Qln - QOpn | Qns
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Algorithm 1 (for finding A~! and solutions of AX = B)
Step 1. Set I :={1,2,...,n},J :={1,2,...,n,s}. Construct augmented matrix [A|B] say
A*.
Step 2. Choose i € I and i € J — {s}, a;; # 0.
Step 3. Fori e I,i € J,
(1) i = 2.5 € 1~ i},

(2) my, = — %2 Vk € I — {i}, agi == my,,Vk € I — {i}, a5 = -,
(3) apq = agq + aigmy,Vk € I — {i}, Vg € J — {i}.
Step 4. Set J := J —{i}. If J := {s}, goto step 5. Otherwise, update A* and goto Step 2.

Step 5. Solution is the st column of A*, that is,

QA1s

azs
x=|" and AV =ay), Viel,jeJ—{s}

Gns

By above algorithm, we can explain in an easy way for understanding as follows:
1. Set I ={1,2,...,n}. Construct augmented matrix [A|B] say A*.
2. Choose i € I,a;; # 0.
3. (1) Divide row i'* by a;; (except a; := ai“),
(2) Column " divided by —as; (except ay),
(3) Another rows use row operation by 7y := 1 — ZEir;.

4. Set I' =T — {i}.

5. If I' = @, then the solution of the linear system is the last column of A* and

A7V =lay),Viel,jeJ—{s}. If I' £ 0, then set I :=I and goto 2.

Algorithm 2 (for finding solutions of AX = B)
Step 1. Set I := {1,2,...,n},J := {1,2,...,n,s}. Construct augmented matrix A} :=
[A|B]. Set [ = 1.
Step 2. Set Af := A} ;. Choose i € I'NJ,a; # 0.
Step 3. Fori € I, € J, let

(1) aij = 22,vj € J — {i},

(2) my, = — & Vk € I —{i},

Apq = Agq + aigmy, Vk € T — {i},Vq € J — {i},
(3) ag; :==*,Vk € I,

(4) update A;.
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Step 4. Set J :=J — {i}.

If l=n—1, go to Step 6. If [ = n goto Step 5. Otherwise, set [ := [+ 1 and goto Step 2.
ey

Step 5. Solution of AX = B is the s column of A%, that is and exit.

Step 6. If there is an ig € {1,2,...,n} such that a;,;, = 0 and al-o_s = 0, then the linear
system AX = B has many solutions and exit.
If there is an ig € {1,2,...,n} such that a;,;, = 0 and a;,s # 0, then the linear
system AX = B has no solutions and exit.
By above algorithm we can explain in an easy way for understanding as follows:

Step 1. Construct augmented matrix [A|B] say A*.
Step 2. Set I :={1,2,...,n}.
Step 3. Choose i € I,a;; # 0, and

(1) divide row " by a;; (except ag;),

(2) use row operation ry 1= rj, — ¢Er; (except column it") for another rows,

(3) write * in column i'".

(4) update A*.
Step 4. Set I := 1 — {i}.

If I =0, then goto Step 5.

If I # (), then goto Step 3.

If I = {ip} for some ip € {1,2,...,n}, then goto Step 6.
Step 5. The answer of linear system is the last column of A*.
Step 6. If there is an igp € {1,2,...,n} such that a;,;, = 0 and a;,s = 0, then the linear
system AX = B has many solutions and exit.

If there is an iy € {1,2,...,n} such that a;y;, = 0 and a;,s # 0, then the linear

system AX = B has no solutions and exit.

Theorem 3.1.1. Let AX = B be a linear system of equations of n equations and n
unknowns. Let Af = [A|B] be an augmented matriz. Let L be the number of the last

iteration of Algorithm 2.

1. If L = n, then the linear system AX = B has exactly one solution and its solution is

the st column of A%.
1) (n—1)
i0S

2. If L =n—1 and there is an iy € {1,2,3,...,n} such that the elements al"

ioo and a
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of Ay _, are zero, then the linear system AX = B has many solutions.

3. If L =n—1 and there is an iy € {1,2,3,...,n} such that the elements agggl) and aggigl)
of Ay _, are such that aggigl) =0 and aggs_l) # 0, then the linear system AX = B has no

solution.

Proof. Let Aj := [A|B] and [A®|BO®)] = [A|B], let A be the matrix obtained from
A? | by using the i iteration of Algorithm 2 and let [A®)|B(®)] be matrix obtained from
[AG=D|B(=1] by row operations of the i*" iteraton of Algorithm 2, i = 1,2, ..., n.

Let [ = 1. For convenience, we assume that a1 # 0, by Step 3(1), we devide the row 7

by a11 and by Step 3(2), we use row operation 7y := 1 — Z—ﬁrl,‘v’k =2,3,...,n. Then, we

obtain ) }
1 1 1 1

«ay) ayy -ooab) | af)

(1 (1) (ORI
x a a e a a

A — 22 (a3 2n | 425

ORI R )

and _ )
1 1 1 1

1 ey ayy - ay) |ap)

[CORRN Y N € ) B €

(AD|BM)] = 0 agy ay Qon | Gos

0 a,%) afllg) a7(11r2 a7(118)

We note that after the Step 4 of the 1% iteration, we get I = 2. Next, we consider

ag?, a%), v angyz. For convenience, we may assume that aélQ) # 0. By Step 3(1), we devide

(1)
the row ro by ag? and by Step 3(2), we use row operation ry := ’l“k—%’l”g, Vk=1,3,4,...,n.
22

Then, we obtain

[ «ox eyl o]
S e e o @
5 =

el o d®]a®

and _ )
2 2 2
Lo ay) e ap) e
@ .. @ ,@
[A(Q)‘B@)]: 0 1 (a3 Gon | Gas
0 0 a,%) agr% ag)
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By continuing in using Algorithms if L = n, then we obtain

->x< * ok .. X agz)-
ok ok cee % agz)
Ay =
* ok ok eee ok ag;)
and _ q
100 - 0]al”
(n)
01 0 --- 0|a
[AM™|BM] = S
000 - 1|a
af?
&
and the solution of AX = B is .S
ally
If L =n—1 and there is an iy € {1,2,...,n} such that the elements agggl) and agggl) of
A} _ | are zero, then we get
10
A * ag?o_l) % e % agz_l) ]
* % * ag?o_l) % e % agz_l)
>(kn—1): /L'O * * * 0 * * 0
(n—1) (n—1)
*oOox * (n—1)io Ko K (n—1)s
* % a,g:’ibo_l) * -e- % aﬁl’é_l)
and
10
(10 -~ 000 - 0]a"]
01 000 - 0]al™"
AV BY = 4 o0 - 000 - 0] 0
00 - 000 = 0]any)
(00 - 000 - 1|aly |
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This implies that rank[A|B] = n—1. By Theorem 2.1.10, we can conclude that the linear

system of AX = B has many solutions.

If L = n—1 and there is an ig € {1,2,...,n} such that the elements a1 = 0 and

1010

a{" # 0, then we obtain

08

10
_1 O --- 000 ---0 agrshl) _
o1 --- 00O ---0 (lgzzgil)
A BY = 40 o0 - 000 - 0 a§f§1)
(n—1)
00 000 0 An—1)s
0 0 00 0 1] alt |

Which implies that rankA = n—1 < rank[A|B] = n. By Theorem 2.1.10, we can conclude
that the linear system of AX = B has no solutions.

O]
Example 3.1.2. Find the solution of the following linear system by using Algorithm 1 :

T—2y+32=9
—r+3y=-4
2z — by + bz = 17.

Solution. Set I :={1,2,3},J :={1,2,3,4} and set

jang g4l o
A*=1 -1 3 0| -4
2 -5 5| 17

Iteration 1. Taking ¢ = 1, we have

1
€1:= — 50 except a1

— 1 — 1
1 -2 3 9 7= anrl(except all = au)
A* = 1 1 3 5 T9 i=T9 — %rl(except as)

-2 -1 —-1|-1 Ty i=1T3 — %rl(except asy)

So I:={1,2,3},J :={2,3,4}.

Iteration 2. Taking ¢ = 2 we have
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1
C2 1= —~C2 except ag9

3 2 919 rLi=1T] — %rg(except a2)

A* = 11 3| 5 ro 1= ém(exoept a9 1= é) .

-1 1 2| 4| rg:=rg3— %rg(except asz)

So I :={1,2,3},J:={3,4}.

Iteration 3. Taking ¢ = 3, we have
1

C3 1= =203 except ass
15 5 9 . ais
s 5 9 1 =T - gl r3(except ai3)
* 5 1 3 . az3
A* = 5 —3 —5 |1 | r2:=r2— Zrs(except ass)
1 1 1 . 1 1
-3 5 5 2 T3 = oo r3(except ass := a33)

So I :={1,2,3},J := {4}.

Thus z =1,y = —1, 2z = 2 and we observe that

5.5 _9

2 2 2

< 5 1 3
A= 2 T2 T2
-1 1 1

2 2 2

From above example we obtain an inverse of a matrix A and the solution of the
linear system AX = B, If we are interesting to find only a solution of the linear system,

we can use Algorithm 2.
Example 3.1.3. Find the solution of the following linear system by using Algorithm 2

T—2y+32=9
—x+ 3y = —4
2z — by + 5z = 17.

Solution. Set I :={1,2,3},J:={1,2,3,4} and set

1 -2 3] 9
Ay=1 -1 3 0|—-4
2 -5 5| 17

* =2 3 9
Al = | x 1 3 5 ro =72+ 11

* —1 —1]-1 T3 =173 — 2711
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So I:={1,2,3},J :={2,3,4}.
Iteration 2. Taking ¢ = 2, we get

* *x 9119 r1 =11+ 2r9
As=1 % x 3| 5
x % 2| 4| rg:=rg+re

So I :={1,2,3},J:={3,4}.
Iteration 3. Taking ¢ = 3, we get

% % % 1 ri=1r — %7‘3
A= % % x| —1 To 1= 19 — %7‘3 .
* ok X 2

So I :=1{1,2,3},J := {4}.
Thusz =1, y=-1, z =2.

The following example shows what is different between the Algorithm 1 and Gauss-

Jordan method.
Example 3.1.4. Find the solution of linear system

2x1 + 312 =8

5.2?1 % 4.%'2 = —-3.

Solution. Consider
Algorithml  Gauss—Jordan method

A

[ Bl A | A | I |BlL

Set I ={1,2},J ={1,2,3} and

812 3|2 3|1 0] 8
-3|5 —4|5 —4]0 1|-3

Iteration 1. Taking ¢ = 1, we get

O NI

T i=T9 — %7‘1 23| —

So I ={1,2},J ={2,3}.
Iteration 2. Taking ¢ = 2, we get
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1= 7’1+%7’2 1| 33 2%) 1
5 2
2|53 —35|0
4 3
1] 33 (1 0
5 2
2155 —353/0 1

So I ={1,2},J = {3}.

Thus xr1 = 1,%‘2 = 2.

3] 1
2 2
5 2
Lo —33
4 3
23 23
5 _2
23 23

[en)}

N =
N

Example 3.1.5. Find the solution of linear system

Solution. Consider

T9 = —737’2

— 3
TN i =— T — 57“2

5x1 + 6x9 — 223 = —11

31 — 220 + 23 = 18

2x1 — 3xo + 4x3 = 22.

Algorithml  Gauss—Jordan method
[ Bl A | A | I |B]

Set I ={1,2,3},J ={1,2,3,4} and
—11/5 6 -2|5 6 —-2|1 0 0]-11
813 -2 1(3 =2 1]0 1 0| 18
2212 -3 412 -3 4|0 0 1| 22

Iteration 1. Taking ¢ = 1, we get
SR fE = P
ro=rg—32r | 2|3 2 Uiz 9 1101 0| 18
mimn—dn [ ]2 % #]2 5 400 1] 2
ul g2l &3] hoof-g
By -2 glo -3 R[4 10|
e A A A I KR

So I =1{1,2,3},J ={2,3,4}.

Iteration 2. Taking ¢ = 2, we get
nentdn [ 8]E & &[0 8 31
% |x “m % |0 1 x| ®m %
f|m i1 |10 | o1 0 1
% % “x “» |01 —m|mw % 0|-%
Blws —x =00 Rlx —x 1| R

T =179 — 371 -

r3 =13 — 2r1

28 T2 =



So I =1{1,2,3},J ={3,4}.
Iteration 3. Taking ¢ = 3, we get

T’1:=7’1—%7’3 3 % 2% —% 1 0 1714 ﬁ 1% 0 %
1l - 2]00 1| & -5 B 1| rg:=Zrg
3 115 265 _% L 00 115 2% _% 3| mi=rioogrs
—4 125 _285 % 010 125 _2% % —4 | ry= 742"’%7“3
1l —3 2]001|& -5 2] 1

—
33
[\o}
ot
~
ot

So I=1{1,2,3},J = {4}.

Thus 1 = 3,29 = —4,z3 = 1.

By example above we see that for each iteration the i** columns of I,, was removed
to i" of A and so on. Thus we get inverse matrix and the solution of linear equation.

Next, we will use Algorithm 2 for solving solutions of the linear system.

Example 3.1.6. Find the solution of linear system

101 — 329 + 923 — 1424 =9
Tx1+ 8xry — 223 + 1224 = 10
1321 — 29 + 8x3 — 1924 = —15
3x1 + 620 — 223 + Toy = —1.

Solution. Set I :={1,2,3,4},J :={1,2,3,4,5} and set

10 -3 9 -14 9
7T 8 =2 12| 10
13 -1 8 —-19|-15
3 6 -2 7| -1

Iteration 1. Taking ¢ = 1, we get

. .3 9 _u 9
10 10 10 10
101 83 109 37 e T
AF — * 70 10 5 10 r2:=7T2— 1571
1 _— .
29 37 4 267 .. 13
* 10 ~10 5| 10 | ™=r3o0M
69 47 56 37 .3
| * 10 T10 5 | T10 | =TT 1N
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So I:={1,2,3,4},J :={2,3,4,5}.
Iteration 2. Taking ¢ = 2, we get

i 66 76 102 | .7 3
¥ * o0 Tio0r 01 | =LA qorT2
« % _ 83 28| 87
AL = 101 101 101
133 713 2804 e 29
* Ok 7101 T 7101 | 101 T3 =T33~ 10172
98 373 629 ._ 69
| ** o1 T1or | T1or | 4T T4 10172
So I:={1,2,3,4},.J := {3,4,5}.
Iteration 3. Taking ¢ = 3, we get
i 566 | 1698 | .f 66
ook ok T4z | Tss | T b 3T
873 2353 o _ 83
ra Kok ok 133 133 T2 *= T2 — 13373
3 —_— .
713 2804
Kok Ok 133 133
169 507 —— 98
¥ F R Tg | T | T4iT T4t 13373
So I:={1,2,3,4},J := {4,5}.
Iteration 4. Taking ¢ = 4, we get
¥ %k ok 0 rLi=1T1 — *15168631"4
o 873
62 * k% k| —2 T2 i=T2 + 11e574
% 5 .f 713
*x  x %k ok r3 =13+ 118374
* ok %k % 3

So I :={1,2,3,4},J := {5}.

Thus 561:0, 1’2:—2, 1‘3:5, a:4:3.

Example 3.1.7. Find the solution of linear system

2rx1 4+ 8x9 — 11lxg — 3224 + 1525 = 11
Tx1 — 3xe + 1023 — 18x4 — 3x5 = 49
5x1 + 10xo + Tx3 + 1424 — 1325 = 34
921 + 14z + 33 — 2004 — Tx5 = 38
Tx1 + 3xo — dry — 624 + 1225 = —14.

Solution. Set I :=1{1,2,3,4,5},J :={1,2,3,4,5,6} and set

2 8 —-11 =32 15 11
7T =3 10 —-18 —-3| 49
5 10 7T 14 13| 34
9 14 3 =2 =T7| 38
7T 3 -5 —6 12| -14
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Iteration 1. Taking ¢ = 1, we get

so4 U o_ig B U
* =31 977 94 —% % T (= T9 — %T’l
AT - x —10 % 94 —% % r3 =713 — %7‘1 .
*  —22 % 142 %9 —% T4 =Ty — %7"1
i * —2b % 106 —% % ] rs :(=—= Ty — 57‘1
So I:={1,2,3,4,5},J:={2,3,4,5,6}.
Iteration 2. Taking ¢ = 2, we get
* ok % —% % % ry = 7‘1+%7‘2
*x ok % % —% —% 7"4::7'4—%7“2
_>k * ‘% % % ‘1% Ts5 Z:T‘5*%T2
So I :=1{1,2,3,4,5},J :={3,4,5,6}.
Iteration 3. Taking ¢ = 3, we get
* ok ok —%774 % %857) r1 = 7‘1—%(7597"3
x ox o« 30 {0 | o5 | =Tt qigns
A= | % % x % %5 %
* ok X % —% —% T4 (= T4 — %7"3
i * ok ok % —% —11%%5 5 1= 7“5—}—%7’3
So I :={1,2,3,4,5},J := {4,5,6}.
Iteration 4. Taking ¢ = 4, we get
Mot & —% —% (A r1+%r4
* k% % —% %)’% ro = 1o — %7‘4
Al = % x % x —% % rg 1= 7«3*%7’4 .
* ok ok % —% —%g’g
ok ox x % %_ T5::T5—%r4
So I:=1{1,2,3,4,5},J :={5,6}.
Iteration 5. Taking ¢ = 5, we get
* x % ok kx| =3 rii=1r1+ %7‘5
* k% k% 4 ro 1= 7‘2—1—%?5
A= % % % % x| 7| r3:=r3+ %73
* k% % % x| —1 T4 i=Ty4+ 212%67”5
¥ % ok ok ok 2




So I:={1,2,3,4,5},J := {6}.

Thus x1 = =3, xo =4, z3=7, x4 = —1, x5 =2.
Example 3.1.8. Find the solution of linear systems

2x1 4+ 229 + 323 + 224 = 11
T+ 29 + 223+ 214 = 6
2x9 + 513 4+ 224 =5

r1 + 29 +3x3+4xy = 1.

Solution. Set I :={1,2,3,4},J:={1,2,3,4,5} and set

2 2 3 2|11
4 11 2 2|6
0 =
0 2 5 2| 5
11 3 4| 1
Iteration 1. Taking ¢ = 1, we have
[ 3 11 |
AT X * 0 % 1 % Ty 1= 1T9 — %7‘1
* 2 5 2 ) r3 =73 — %rl
_* 0 % 3 -—%_ 7“42:7“4~%7“1
So I:={1,2,3,4},J :={2,3,4,5}.
Iteration 2. Taking ¢ = 3, we have
* % * % 4 rikSIR & %7’3
y ol * —% * f;)f 0 ro 1= 7"2—%7"3
g * 2 5 2 1
5 5
i * —% * %2 —6 | T4 I=T4 — %T‘g
So I :=1{1,2,3,4},J :={2,4,5}.
Iteration 3. Taking ¢ = 4, we have
* % ¥ % 5 rLi=1T1 — %m
N * 0 * = 2
3= 1 _
kg ok k| 2| o=y — 3Ty
_>l< —% * % —g_ r3 =713 — g4

So I :={1,2,3,4},J :={2,5}.
Iteration 4. Taking ig = 2, we see that ass # 0. By Theorem 3.1.1, we can conclude that
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the system of linear equations have no solution.

Example 3.1.9. Find the solution of linear system

1+ 19 =2
T+ 3x9 +x3=05

3r1 + 220 — x3 = 3.

Solution. Set I :={1,2,3},J :={1,2,3,4} and set

11 0|2
Ay=113 1|5
3 1 —-113
Iteration 1. Taking ¢ = 1, we have
* 1 0 2
Al=1|% 2 1| 3| ro=ra—1

*x —2 —=1|-3 rs3 2:7"3—37“1

So I :={1,2,3},J:={2,3,4}.

Iteration 2. Taking ¢ = 2, we have

1 1 L 1
* ok —35 13 7 .—T1—§T2
* _ 1|3
Az = x5
* ok 00 r3 =173+ 179

So I :={1,2,3},J:={3,4}.
Iteration 3. Taking ¢ = 3 we see that as4 = 0. By Theorem 3.1.1, we can conclude that

the system of linear equations have many solutions.

This method can help you save time for solve linear system.
The following table shows comparison of the number of computations in each methods.

Table 1 : Comparison of number of computations for various methods.

size of A | Gaussion | Gauss-Jordan | X = A™'B | Cramer | LU | Algorithm 2
2x2 ) 10 14 11 8 6
3x3 14 27 39 39 40 18
4 x4 30 56 84 109 125 40
5x5 55 100 155 251 264 75
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The following table shows comparison of the time of computations between Algo-
rithm 2 and Gauss-Jordan.

Table 2 : Comparison of time of computations for Algorithm 2 and Gauss-Jordan.

iteration\size of A 2 %2 3x3

i Algorithm 2 | Gauss-Jordan | Algorithm 2 | Gauss-Jordan

1 0.000016 0.000018 0.000015 0.000019

2 0.000016 0.000017 0.000015 0.000027

3 - - 0.000014 0.000018

Total time 0.000032 0.000035 0.000044 0.000064

iteration\size of A 4 x4 5x5

i Algorithm 2 | Gauss-Jordan | Algorithm 2 | Gauss-Jordan

1 0.000017 0.000031 0.000018 0.000023

2 0.000015 0.000022 0.000020 0.000022

3 0.000014 0.000020 0.000016 0.000021

4 0.000014 0.000015 0.000015 0.000021

5 - - 0.000014 0.000021

Total time 0.000060 0.000088 0.000083 0.000108

iteration\size of A 20 x 20 30 x 30

i Algorithm 2 | Gauss-Jordan | Algorithm 2 | Gauss-Jordan

1 0.000053 0.000101 0.000091 0.000205

2 0.000046 0.000101 0.000087 0.000199

3 0.000047 0.000099 0.000079 0.000195

4 0.000041 0.000100 0.000079 0.000260

5 0.000039 0.000100 0.000062 0.000198

6 0.000038 0.000100 0.000062 0.000199

7 0.000036 0.000100 0.000068 0.000201

8 0.000034 0.000099 0.000068 0.000197

9 0.000035 0.000099 0.000064 0.000198

10 0.000033 0.000099 0.000072 0.000198

11 0.000030 0.000118 0.000060 0.000195

12 0.000029 0.000099 0.000059 0.000198

13 0.000029 0.000100 0.000057 0.000222
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iteration\size of A

20 x 20

30 x 30

7

Algorithm 2

Gauss-Jordan

Algorithm 2

Gauss-Jordan

14 0.000027 0.000099 0.000055 0.000195
15 0.000027 0.000112 0.000053 0.000201
16 0.000024 0.000037 0.000072 0.000201
17 0.000023 0.000100 0.000050 0.000199
18 0.000024 0.000100 0.000047 0.000197
19 0.000019 0.000102 0.000046 0.000199
20 0.000021 0.000101 0.000043 0.000202
21 - - 0.000041 0.000201
22 - - 0.000039 0.000198
23 - - 0.000036 0.000204
24 - - 0.000033 0.000198
25 - - 0.000032 0.000195
26 - - 0.000030 0.000198
27 - - 0.000030 0.000195
28 - - 0.000025 0.000195
29 - - 0.000024 0.000198
30 - - 0.000021 0.000204
Total Time 0.000655 0.001966 0.00001585 0.006045
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3.2 Instructional Lesson On Solving System of Linear Equations

In this section, we construct intructional lesson study on solving system of linear
equations by introducing the Algorithm 2 for 30 students of Matthayom 4/1 from Plong
Wittayakhom School and we taught this method by using the constructed material. We
also have evaluated those students and obtain their opinoins on the instructional lesson
study.

Objective of the Study

1. To provide a new method for solving the system of linear equations for MS.4 students
by using the constructed teaching material.

2. To develop mathematical skill for students for solving system of linear equations.

3. To encourage students for having motivation in studying and good attitude on mathe-
matics.

The Quipments for the study

1. Teaching and learning Material.

2. Pre-Test and Post-Test.

3. Questionnaire on student opinions.

The results of the study are written in Thai as follows:
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