CHAPTER 1

Introduction

Let E be a closed interval on the real line and f : F — E be a continuous
function. A point p € F is a fixed point of f if f(p) = p. We denote by F(f) the set of
fixed point of f. It is known that if E is also bounded, then F'(f) is nonempty. The Mann
iteration (see [9]) is defined by u; € E and

Unt1 = (1 — ap)un + an f(uy) (1.1)

for all n > 1, where {a, }72, is a sequence in [0, 1], and will denote by M (u1, o, f). The
Ishikawa iteration (see [6]) is defined by s; € E and

tn= (1= Bn)sn + Bnf(sn)
(1.2)

Sp+1 = (1 T an)Sn + anf(tn)
for all n > 1, where {ay,}22, and {8,}5°, are sequences in [0, 1], and will denote by

I(s1, 0, Bn, f). The Noor iteration (see [4]) is defined by a; € E and

Cp = (1 ) 'Yn)an = an(an)
bn = (1 — ﬂn)an + an(cn) (13)
ant1 = (1= ap)ay + anf(bn)

for allm > 1, where {a, }5° 1, {8,152, and {7, }32, are sequences in [0, 1], and will denote
by N (a1, an, fBn,Vn, f). Clearly the Mann and Ishikawa iterations are special cases of Noor

iteration. The SP-iteration (see [8]) is defined by ¢f € E and

= (=g +mf(a)
t;fz = (1 - ﬁn)r;: + ﬁnf(r;kz) (1'4)
G = (L= on)ty + anf(t7)
for allm > 1, where {a, }2° 1, {8,152 and {7, }32, are sequences in [0, 1], and will denote
by SP(qf, n, Bnsn, f).The S-iteration (see [7]) is defined by s} € E and
by = (1= Bn)s;, + an(sjz)
(1.5)
S;';—Q—l = (1 - an)f(sjl) + anf(t;kz)
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for all n > 1, where {ay,}02; and {3,}5°2, are sequences in [0, 1], and will denote by

S(sy,an, Bn, ). The P-iteration (see [5]) is defined by ¢; € F and

m= (L =)t +nf(an)
th = (1 = Bn)rn + Buf(rn) (1.6)
Gnt1 = (1 —an)f(rn) +anf(tn)
for allm > 1, where {a, }2° 1, {8,152, and {7, }32, are sequences in [0, 1], and will denote
by P(q, tn; By Yo f)-

In 1976, Rhoades [1] proved the convergence of the Mann and Ishikawa iterations
for the class of continuous and non-decreasing functions on unit closed interval. After
that in 1991 Borwein and Borwein [2] proved the convergence of the Mann iteration of
the continuous functions on a bounded closed interval. It was shown in [8] that the SP-
iteration converges faster than the Noor itteration, the Ishikawa iteration and the Mann
iteration. In 2013, Kosol [7] showed that the S-iteration coverges faster than the Ishikawa
iteration on an arbitrary interavl, after that, Sainuan [5] showed that the P-iteration
converges faster than S-iteration on an arbitrary interval.

Motivated by the above results, we propose a new iteration as follows: The W-

iteration is defined by z; € F and

= (L=m)on+nf(zn)
yn = (1 =Bn)f(2n) + Bnf(zn) (1.7)
Tnt1 = (L=om)f(zn) + anf(yn)
for all n > 1, where {a,}°2, {Bn}2; and {7,}°, are sequence in [0, 1], and will
denote by W (x1, &, BnyIn, f). Moreover, we also introduce the ST-iteration as follow:

The ST-iteration is defined by ] € E and

= (=)o} +mf(a})
yn= (L= Bu)f(a}) + Buf?(z) (1.8)
whp = (L= an)f(z) + anf?(yp)
for allm > 1, where {a, }5° 1, {8,152, and {7, }32, are sequences in [0, 1], and will denote
by ST (27, n, B, Yns f)-

In this study, we give a necessary and sufficient condition for the convergence of the
Wh-iteration and ST-iteration of continuous functions on an arbitrary interval. We also
prove that if the P-iteration converges , then the W-iteration and ST-iteration converge
and converge faster than the P-iteration for the class of continuous and non-decreasing
function. Moreover, we present numerical examples for comparing the rate of convergence

of W-iteration, ST-iteration and P-iteration.



