CHAPTER 4

Domination on Cayley Digraphs

of Rectangular Groups

In this chapter, we provide the results of domination parameters consisting of the
domination number and total domination number of Cayley digraphs of rectangular groups
with their connection sets. In particular, since left groups and right groups are rectangular
groups, we also consider such semigroups here. Furthermore, we present the value or
bounds for the domination number of Cayley digraphs of left groups and right groups.
Some examples which give sharpness of those bounds are also shown. Moreover, we
consider the total domination number and give the necessary and sufficient conditions for

the existence of total dominating sets in Cayley digraphs of left groups and right groups.

4.1 Domination Number

We start with the result of the domination number on Cayley digraphs of rectangular
groups in the term of the domination number of Cayley digraphs of right groups with

corresponding connection sets.

Theorem 4.1.1. Let A be a connection set of A.
If A= {(g,7) € Gx R:(g,l,r) € A for somel € L}, then y(A) = |L|-v(Cay(G x R, A)).

Proof. From the characterization of Cayley digraphs of rectangular groups described in
Theorem 3.1.1, we get that A is the disjoint union of |L| isomorphic subdigraphs which
each subdigraph is isomorphic to the Cayley digraph Cay(G x R, A) of a right group G x R
with the connection set A = {(a,a) € G x R: (a,l,a) € A for some | € L}. Let |L| =m
for some m € N and I = {1,2,...,m}. Suppose that those m subdigraphs of A are
Dy, Do, ..., D,y,. Consequently,

1@ = (U D) =7 (U car( x 1)) = £ a(Cay(@ x 1)
=m - v(Cay(G x R, A)) = |L| - y(Cay(G x R, A)). O

Next, we will consider the Cayley digraph I' of a left group G x L with a connection
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set A. The following result gives the domination number of a Cayley digraph of a left

group in the term of the domination number of a Cayley digraph of its subgroup.

Theorem 4.1.2. Let G/{p1(A)) = {91(p1(A)), g2(p1(A)), ..., gx(p1(A))} for some k € N.
Then v(I') = k - |L| - v(Cay({p1(A)),p1(A4))) where A is a connection set of T.
Proof. Let I ={1,2,...,k}. By Lemma 2.2.6, we have T = |J ((g:(p1(A)) x {1}), Eu)

iel,leL
where ((gi(p1(A)) x {l}), E;) is a strong subdigraph of I" such that

((gs(p1(A)) x {1}), Ey) = Cay({(p1(A)),p1(A)) for all i € I,1 € L.

Therefore, y(I') = %é’r((gi@l(l‘l» x {1}), Ea) = [I| - |L| - v(Cay((p1(A)), p1(A))). [

Sometimes, it is not easy to find the value of v(Cay({p1(A)),p1(A))), so we can not
find v(T") actually. However, we can know the bounds of «(I") which does not depend on
~v(Cay({p1(A)),p1(A))). The next theorem gives the bounds of the domination number in

Cayley digraphs of left groups with their corresponding connection sets.

Theorem 4.1.3. Let G x L be a left group and A a connection set of I' such that the
identity of G lies in p1(A). If H is a subgroup of G with a mazximum cardinality that
contained in p1(A), then MQJ(LAMM <~() < [G : H]|L| where |G : H] is the index of H
n G.

Proof. Suppose that H is the subgroup of G with a maximum cardinality such that H C
p1(A). We will show that v(I') < [G : H||L|. Let [G : H] = k for some k € N. Consider
the set of all left cosets of H in G, {¢q1H,g2H,...,g:H}. Pick one element from each
left coset g1H, goH, ..., g, H, say that gi1h1, gaho, ..., ghy, respectively. Let [ € L and D
denote Cay(G x {l},p1(A) x {i}) and Y = {g1h1, g2ho,...,gxhi} X {{} € G x {l}. We will
prove that Y is a dominating set of D. Let (g,1) € (G x {I{})\ Y. Since g € G = Llj g H,
we get that g € g;H for some 1 < j < k. Then g = g;h for some h € H. Thus (gjh;,:ll) ey
and h;lh € H C p1(A). So there exists g € pa(A) such that (h;lh,q) € A and we have
(9,1) = (gjh,1) = ((gjhj)(hj_lh),l) = (gjhj,l)(hj_lh, q) € YA. Hence Y is the dominating
set of D and then v(D) < |Y| = k = [G : H|. By Lemma 2.2.5, we can conclude that
¥(T) = A(D)|L| < [G : H]|L|. Now, we will prove that y(I) > ®|L|. By Lemma
2.2.5(1), we obtain that

Cay(G x {li}, p1(A) x {l1}) = Cay(G x {l2},p1(A) x {l2}) for all ly,l> € L.
For each | € L, we will consider the domination number of D, the digraph defined as

above, and let X be the dominating set of D such that X is a v—set. Since the identity of
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G lies in p1(A) and X is the dominating set of D, we get that (X)(p1(A4) x{l}) = G x {l}.
Hence |G| = [G x {I}] = [(X)(p1(A) x {1})] < [X][|p1(A) x {I}] = [X][|p1(A)]. Therefore,

¥(D) = |X| > % By Lemma 2.2.5(2), we have y(T') = y(D)|L| > /%5 |L|. 0

Corollary 4.1.4. Let G x L be a left group and A = K x L a connection set of I where
K is any subgroup of G. Then ~(T') =[G : K]|L]|.

Proof. Since A = K x L where K is any subgroup of G, we obtain that the identity e of
G lies in K = pi(A). Moreover, we get that K is the subgroup of G with a maximum
cardinality that contained in p;(A). By applying Theorem 4.1.3, we can conclude that
G . G

{71l <) < [G : K]|L|. Therefore, 4(T') = [G : K]| L] since [G : K] = (g O

The following example gives the sharpness of the bounds given in Theorem 4.1.3.
Example 4.1.5. Let Zg x L be a left group where Zg is a group of integers

modulo 6 under the addition and L = {i1,[l2} is a left zero semigroup.

(1). Consider the Cayley digraph Cay(Ze x L,{(0,11),(2,11), (4,11)}).

Figure 4.1: Cay(Z¢ x L,{(0,11), (2,11), (4,11)}).

We obtain that X = {(0,11), (0,12),(1,11),(1,l2)} is a y—set of the Cayley digraph
Cay(Zs x Lo, {(0,1), (Z,11), (&, 11)}).

Thus 7(Cay(Zs x Lo, ((O,1), @, 1), (& 1)}) = |X] = 4 = 2(2) = [Z : H]|Ls| where
H = {0,2,4} is the subgroup with a maximum cardinality of Zg that contained in
p1({(0,11), (2,011), (4, 11)}).

Similarly, if A = {(0,11),(2,01), (4,11),...,(2k — 2,11)} is a nonempty subset of Zg x L
where k € N and L = {i1,l2}, then the set {(0,{1), (0,l2), (1,11),(1,l2)} is a y—set of a
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Cayley digraph Cay(Zsr x L, A). Hence v(Cay(Zor x L,A)) = 4 = [Zgy, : H]|L| where
H =1{0,2,4,...,2k — 2} is the subgroup with the maximum cardinality of Zs; which is
contained in p;(A).

(2). Consider the Cayley digraph Cay(Zg x L, {(0,11), (3,12)}).

S~
B @ & & O
W @ @ & W
™

Figure 4.2: Cay(Z¢ x L,{(0,11), (3,12)}).

We obtain that Y = {(0,11),(1,11), (2,11), (0,12), (1,12),(2,12)} is a y—set of the Cayley
digraph Cay(Ze x L,{(0,11),(3,12)}) and v(Cay(Zs x L,{(0,11),(3,12)})) = |Y]| = 6 =
6= 12l

2 2= pr@incap) < -

Similarly, if A = {(0,01), (k,l2)} is a nonempty subset of Zor X L where k € N and
L = {ly,l5}, then the set {0,1,2,...,k —1} x {ly,l2} is a y—set of Cay(Zox x L, A).

7
Hence +(Cay(Zox x L, A)) = 2k = % x 2 = (22 x |L].

The following two propositions present the results for the domination numbers
of Cayley digraphs of left groups which are isomorphic to the direct product of the
2n—element Dihedral group D, and a left zero semigroup L with suitable connection

sets.

Proposition 4.1.6. Let S = D,, x L be a left group and A a nonempty subset of S such
that the identity element e ¢ p1(A) and for each x € p1(A), = must belong to p1(A).
Letn > 3 be an integer, ¢ = L”T_lj and k,t be integers such that 1 <k <cand1 <t <n.
Let p1(A) = {r® r . pO% ¢ pn=tk1  pn=a gpbi gpbe o gpbil € D

If d = max{aj,ay — a1,a3 — ag,...,ar — ag_1,b1,bo — by, b3 — ba, ..., by — by_1}, then
+(Cay(S, A)) < 2d|LI[ ey .
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Proof. This proposition follows from Lemma 2.2.5 and Lemma 2.3.2. O

Proposition 4.1.7. Let S = D,, X L be a left group and A a nonempty subset of S such
that the identity element e ¢ p1(A) and for each x € p1(A), x=1 must belong to p1(A).
Let n > 3 be an integer, c = L"T_lj and k,t be integers such that 1 <k <candl <t <n.

Let p1(A) = {rd r2d, .  pkd pn—kd pn—(k=1)d  pn—d gpd gp2d — gptdy C D
p ) 9 ) 9 ) ) ) ) 9y )

If d is an integer such that d(2k +t + 1) divides n, then v(Cay(S,A)) = %
Proof. This proposition is a direct result from Lemma 2.2.5 and Lemma 2.3.3. O

Now, we show other results of the domination number of Cayley digraphs of Z,,
the group of integers modulo n, with a connection set {1,¢} C Z,, for applying the results
to the domination number of Cayley digraphs of a left group Z, x L where L is a left
zero semigroup. Furthermore, let (V, E) be a digraph and for each x € V, we define
N(z) ={y € V : (z,y) € E} to be the set of all neighbours of z and let N[z] = N(z)U{z}.

In general, it is easy to verify that [§] < ~v(Cay(Z,,{1,t})) < [%].

Proposition 4.1.8. Let n > 2 be a positive integer. Then ~v(Cay(Zn,{1,2})) = [5].

Proof. We will consider the case n =1 (mod 3).

It is easy to see that {1,4,7,...,n — 3,7} is a dominating set of Cay(Z,, {1,2}).

Hence v(Cay(Zn, {1,2})) < {1,4,7,...,n = 3,n}| = &2 = [2].

Suppose that there exists a dominating set X such that |X| < %52, that is, |X| < 231

Since |N[z]| < 3 for all x € X, we obtain that | |J N[z]| <3|X| <n—1<n whichis a
zeX
contradiction. Therefore, (Cay(Zy,{1,2})) = [§]. Other cases can be proved by using

the similar arguments of the above case. O

Lemma 4.1.9. Let n > 3 be a positive integer and X a dominating set of Cay(Zy, {1, 3}).
For each x € X,|N[z] N N[v]| > 1 for some v € X \ {z}.

Proof. Let X be a dominating set of Cay(Zy,{1,3}) and z € X.
Then N|z] = {x,z + 1,2+ 3}. Since x + 2 ¢ N[z| and = + 2 has to be dominated, we can
conclude that  +2 € X or x 4+ 2 € N[y| for some y € X.
Ifx+2¢€ X, then N[z +2] = {x+ 2,2+ 3,2+ 5}, that is, 2 + 3 € N[z] N N[z + 2]
which implies that |[N[z] N N[z + 2]| > 1.
Ifz+2€ N[y|,theny=xz+1lory=z—1.
Ify=x+1,thenx+1¢€ X. Thus 2+ 1 € N[z] N N[z + 1] which leads
to the fact that |[N[z] N N[z + 1]| > 1.
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Ify=2—1, then z —1 € X. Thus z € N[z| N N[z — 1] which implies
that |[N[z] N Nz —1]| > 1. O

Proposition 4.1.10. Let n > 3 be a positive integer.

o 2[21 -1 ifn=1,2 (mod5),
Then ~(Cay(Zn,{1,3})) = 4 d ( )

2[ %] ifn=0,3,4 (mod 5).

Proof. We will consider the case n = 1 (mod 5). In this case, we can conclude that

= {1,2,6,7,11,12,...,n — 5,n — 4,n} is a dominating set of Cay(Z,,{1,3}) which
implies that v(Cay(Z,,{1,3})) < |T| = 2”—;'3 = 2[%] — 1. Next, suppose that there exists

a dominating set X such that |[X| < 2[%] —2 = Q(HE’_I). For each x € X, we have by
Lemma 4.1.9 that N[z] N N[y] > 1 for some y € X \ {z}. Since |N[z]| < 3, we have

| U Nz]| <3|X| - (|X|] 5|X‘ <n-—1<n,thatis, |J N[z|] C Z,. Hence X does not
zeX zeX
dominate Z, which is a contradiction. Therefore, v(Cay(Z,,{1,3})) = |T| = 2[%] -

Similarly, we can prove the case n =2 (mod 5).
Now, we will consider the case n = 3 (mod 5). For this case, we can obtain

that T'= {1,2,6,7,11,12,...,n — 2,n — 1} is a dominating set of Cay(Z,,{1,3}). Then
v(Cay(Zn,{1,3})) < |T| = 2 = 2[Z]. Assume to the contrary that there exists a

dominating set X such that |X| < 2[2] — 1 = 21 Again by Lemma 4.1.9, we have

| U Nz]| < 5|X‘ < 2n-l <20 — 5. Whence, X does not dominate Z, which contradicts
zeX

to the property of the dominating set X. So we can conclude that v(Cay(Z,, {1,3})) =
|T'| =2[%]. For the cases n = 0,4 (mod 5), we can prove them, similarly. O

Proposition 4.1.11. Let n > 4 be a positive integer.
3[%] if n=10,6 (mod 7),
Then (Cay(Zn, {1,4})) < 43[2] —1 ifn=4,5 (mod 7),
3[%] -2 4fn=1,2,3 (mod 7).
Proof. Let n > 4 be a positive integer.
For n =0 (Inod 7), we obtain that X is a dominating set of Cay(Z,, {1,4}) where

Xo ={1,8,15,22,...,n — 6} U{3,10, T
which implies that v(Cay(Z,, {1,4}))

17,24,...,n —4}U{6,13,20,27,...,n — 1}
< [ Xo| = 3(%1-

For n =1 (mod 7), we obtain that X is a dominating set of Cay(Z,,, {1,4}) where
X, ={1,8,15,22,...,m} U {3,10,17, 24, . n—5}U{6 13,20,27,...,n — 2}

which implies that v(Cay(Zy, {1,4})) < ] 1 =321 -
For n =2 (mod 7), we obtain that X5 is a dominating set of Cay(Z,,, {1,4}) where
X, ={1,8,15,22,...,n — 1} U{3,10,17,24,...,n — 6} U {6,13,20,27,...,n — 3}
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which implies that ~(Cay(Zn, {1,4})) < [Xo| = 3[%] —
For n = 3 (mod 7), we obtain that X3 is a dominating set of Cay(Z,,, {1,4}) where

X3={1,8,15,22,...,n — 2} U{3,10,17,24,...,n — 7} U{6,13,20,27,...,n — 4}

which implies that v(Cay(Z,, {1,4})) < |X3| = 3[%] —2.

For n =4 (mod 7), we obtain that X4 is a dominating set of Cay(Z,,, {1,4}) where

X, ={1,8,15,22,...,n — 3} U{3,10,17,24,...,n — 1} U{6,13,20,27,...,n — 5}
which implies that v(Cay(Zy, {1,4})) < |Xu| = 3[%] —
For n =5 (mod 7), we obtain that X5 is a dominating set of Cay(Z,, {1,4}) where
X5 ={1,8,15,22,...,n — 4} U{3,10,17,24,...,n — 2} U{6,13,20,27,...,n — 6}
which implies that ~(Cay(Zn, {1,4})) < [X5| = 3[%] —

For n =6 (mod 7), we obtain that Xg is a dominating set of Cay(Z,,, {1,4}) where

X¢ = {1,8,15,22,...,n -5} U {3,10,17,24,...,n — 3} U {6,13,20,27, ..., 7}
which implies that v(Cay(Zy, {1,4}) ) < | Xe| =3[%]. O

Proposition 4.1.12. Let n > 5 be a positive integer. Then vy(Cay(Zn,{1,5})) < [§]+1.

Proof. Let n > 5 be a positive integer.

For n = 0 (mod 3), we obtain that X = {1,2,4,7,10,13,...,n — 2} is a dominating
set of Cay(Zy,{1,5}) which leads to v(Cay(Z,,{1,5})) < |Xo| = [5] + 1.

For n = 1 (mod 3), we obtain that X; = {1,2,4,7,10,13,...,n} is a dominating
set of Cay(Zy,{1,5}) which leads to v(Cay(Zy, {1,5})) < |X1| = [%] + 1.

For n = 2 (mod 3), we obtain that Xo = {1,2,4,7,10,13,...,n — 1} is a dominating

set of Cay(Zy,{1,5}) which leads to v(Cay(Zy,{1,5})) < \XQ\ = [%1 + 1. O

Since a Cayley digraph of a left group can be considered as the disjoint union of
Cayley digraphs of a group as shown in Lemma 2.2.5, we can directly obtain some results
for the domination number of a Cayley digraph Cay(Z, x L, A) of a left group Z, x L

with a connection set A as follows.

Theorem 4.1.13. Let n > 2 be a positive integer and A a nonempty subset of G x L. If
p1(A) = {1,2}, then v(Cay(Z,, x L, A)) = ILI[%].

Theorem 4.1.14. Let n > 3 be a positive integer and A a nonempty subset of G x L. If

pi(A) = {1,3}, then 7(Cay(Zy, x L, A)) = LI@IFT=1) 4n =12 (mod'5),
2|L|[%] ifn=0,3,4 (mod 5).
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Theorem 4.1.15. Let n > 4 be a positive integer and A a nonempty subset of G x L. If
3|L|[Z] if n=10,6 (mod 7),

p1(A) ={1,4}, then v(Cay(Zn x L, A)) < {|L|(3[2] —1) ifn=4,5 (mod 7),
IL|(3[%] —2) 4fn=1,2,3 (mod 7).

Theorem 4.1.16. Let n > 5 be a positive integer and A a nonempty subset of G x L. If
p1(A4) = {1,5}, then v(Cay(Z, x L, A)) < |L|([5] +1).

Now, we study the domination number of a Cayley digraph A of a right group G x R
relative to the appropriate connection set A. We start with the following theorem which
describes the domination number of Cayley digraphs of right groups with any connection

set A where |p2(A)| # |R|.

Theorem 4.1.17. Let GX R be a right group and A a connection set of A. If |p2(A)| # |R|,
then v(A) = (|R| — [p2(A)]) x |G].

Proof. Suppose that [p2(A)| # |R|, we have |p2(A)| < |R|. Let Y = {(x,a) e G X R:a ¢
p2(A)}. We will show that Y is a dominating set of A. Let (b,¢) € (G x R)\'Y. Then
b€ G and c € pa(A), that is, there exists d € p;(A) C G such that (d,c) € A. Since G is
a group, there exists y € G such that b = yd. From |R| > |p2(A)|, we get that there exists
r € R\ p2(A) which leads to (y,7) € Y. Thus (b,¢) = (yd,c) = (y,7)(d, c). Therefore, Y’
is a dominating set of A. Hence v(A) < |Y| = (|R| — |p2(4)|) x |G|. Now, we assume to
the contrary that v(A) < (|R| — [p2(4)]) x |G|. Let X C G x R be a dominating set of A
such that X is a y—set of A, that is, | X| = v(D) < (|R| — |p2(A)|) x |G|. We have

(G x R)\ X[ = |G x R - |X]
> |GIR] = [(1R] = [p2(A)]) x |G]]
= [GIIR] = |G| |R| + |Gl[p2(A)]
= [GlIp2(A4)]
=[G x p2(A)].

Thus there exists at least one element (a,b) € ((G x R) \ X) \ (G x p2(A)), that is,
(a,b) € (G x R)\ X and (a,b) ¢ G x pa(A). Since a € G, we obtain that b ¢ pa(A).
From (a,b) € (G x R) \ X and X is the dominating set of A, there exists (z,y) € X
such that ((z,v),(a,b)) € E(A). Thus (a,b) = (z,y)(c,d) = (zc,yd) = (xc,d) for some
(c,d) € A. We conclude that b = d € p2(A) which is a contradiction. Consequently,
A(A) £ (IR| = [pa(A)]) x |G, that is, 7(A) = (|| — pa(A)]) X |G], as required. .
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The next theorem gives the bounds of the domination number in Cayley digraphs

of right groups with any connection set A where |p2(A)| = |R|.

Theorem 4.1.18. Let Gx R be a right group and A a connection set of A. If [p2(A)| = |R|,

G
then ||A|‘|ﬂ <~(A) <|G].

Proof. Assume that |p2(A)| = |R|. We first prove the right inequality, that is, v(A) < |G|.
For each r € R, let Y = {(x,r) : * € G} = G x {r}. We will show that Y is a dominating
set of A. Let (a,b) € (Gx R)\Y. Then a € G and b € R such that b # r. Since
Ip2(A)| = |R| and p2(A) C R, we get that R = py(A) and then b € pa(A). Thus there
exists ¢ € p1(A) C G such that (¢,b) € A. Since G is a group, there exists g € G such
that a = gc. We obtain that (a,b) = (ge,b) = (g,7)(c,b) where (g,r) € Y. Hence Y is the
dominating set of A. Therefore, v(A) < |Y| = |G x {r}| = |G|.

Now, we will prove the left inequality. Let X be the dominating set of A such that
X is a y—set of A, that is, | X| = y(A). Then for each (a,b) € (G x R) \ X, we get that
(a,b) = (z,y)(s,t) for some (z,y) € X and (s,t) € A which implies that (GxR)\X C X A.
Hence |(G x R) \ X| < |XA|. Since every element of X has the same out-degree |A|, we

can easily obtain that
YM)[A]l = [X|[A] = | XA = [(G x R)\ X| = |G x R| - |X| = |G||R| —~(A).

Then y(A)|4] > |G||R| — /(D) which leads to [GI[R] < y(A)|A] +7(4) = y(A)(|A| + 1).

So we can conclude that y(A) > ﬁl'ﬁ' O

The following example illustrates the sharpness of those bounds which are stated in

Theorem 4.1.18.

Example 4.1.19. Let Z3 x R be a right group where Zs is a group of integers

modulo 3 under the addition and R = {ry,r2} is a right zero semigroup.

(1). Consider the Cayley digraph Cay(Zs x R,{(2,71),(2,72)}) in Figure 4.3.

We have X = {(0,71),(1,71),(2,71)} is a y—set of Cay(Zs x R,{(2,71),(2,72)}) and then
+(Cay(Zs x B A(3,m1), @, r)})) = |X| =3 = Z4].

Similarly, v(Cay(Z, x R,{(2,71),(2,72)})) = |Z,| where n € N.

(2). Consider the Cayley digraph Cay(Z4 x R,{(0,71), (1,71), (1,72)}) in Figure 4.4.
We have Y = {(0,72),(2,72)} is a y—set of Cay(Z4 x R,{(0,7r1),(1,71),(1,72)}) and

= = - _ o |Z4x R|
’Y(CaY(Z4 X R, {(0,7”1), (17T1)7 (17 TQ)})) - |Y| =2= [{0,r1),(L,r1),(Lr2) H+1°
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Similarly, we also obtain that v(Cay(Za, x R, {(0,m1), (I,71), (I,72)})) = k = 2

= {(M)7'(%;511(3152)%1 with a y—set {(0,72), (2,72), (4, 72), ..., (2k — 2,72)} where k € N.

Figure 4.4: Cay(Z4 x R,{(0,71), (1,71),(1,72)}).

The following theorems present the value for the domination number of Cayley
digraphs of right groups according to the specific connection sets. We begin with two

lemmas which are referred in the proof of theorems.

Lemma 4.1.20. Let G X R be a right group and A a connection set of A such that p(A) =
G, p2(A) = R, and |A| = |R|. For each (x1,71),(x2,72) € G X R, if (x1,71)(y1,51) =

(x2,72)(y2, $2) for some (y1,51), (y2,82) € A, then x1 = x5.

Proof. Let (z1,71), (z2,72) € G X R be such that (x1,71)(y1, s1) = (x2,72)(y2, s2) for some

(y1,51), (y2,s2) € A. Thus (z1y1,7151) = (@2y2,7252), that is, (z1y1,s1) = (222, s2).
Then z1y1 = z2y2 and s; = s9. Since p1(A) = G, p2(A) = R, and |A| = |R|, these imply
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that y1 = yo. From x1y1 = z2y2 where 1, T2, y1, y2 are elements of a group G and y; = yo,

we can conclude that x1 = xo by the cancellation law. O

Lemma 4.1.21. Let G X R be a right group and A a connection set of A such that
A = {a} x R where a € G. Let'Y be a dominating set of A. If there exists x € G such
that ¢ p1(Y), then (za,r) €Y for allr € R.

Proof. Let Y be a dominating set of A. Suppose that there exists x € G such that
z ¢ p1(Y) and assume to the contrary that there exists r € R such that (za,r) ¢ Y. Since
Y is a dominating set of A, there exists (y,7') € Y such that ((y,r’), (za,r)) € E(A), that
is, (za,r) = (y,7")(a,r) where (a,r) € A. Hence xza = ya, it follows that z =y € p1(Y)

which contradicts to our supposition. Therefore, (za,r) € Y for all r € R. O

Theorem 4.1.22. Let G x R be a right group and A a connection set of A such that
p1(A) = G, pa(A) = R, and |A| = |R|. Then v(A) = |G|.

Proof. Assume that the conditions hold. Since |p2(A)| = |R|, we obtain that y(A) < |G| by
Theorem 4.1.18. Now, suppose that there exists a dominating set ¥ such that |Y| < |G|.
Then there exists g € G such that g ¢ p;(Y’). We first prove that for each r € R, (g,7)A C
Y. Let r € R and (z,y) € (9,7)A. Then (x,y) = (g,7)(g1,71) for some (g1,r1) € A.
If (x,y) ¢ Y, then there exists (¢',7") € Y such that (z,y) = (¢',7")(g2,r2) for some
(g2,72) € A since Y is a dominating set of A. Thus (g,7)(g1,71) = (x,y) = (¢', ") (g2, r2)
where (g1,71), (g2,72) € A. By Lemma 4.1.20, we can conclude that g = ¢’ € p1(Y') which
is a contradiction. Hence (z,y) € Y which leads to (g,7)A C Y. Since pi1(A) = G, we
obtain that the identity element e of G lies in p;(A). Then there exists s € pa(A) such that
(e,s) € A and (g,s) = (g,7)(e,s) € (g,7)A C Y. Whence, g € p1(Y) which contradicts to
the above supposition. Therefore, v(A) = |G|. O

Theorem 4.1.23. Let G x R be a right group and A a connection set of A such that
A ={a} x R where a € G. Then v(A) = |G]|.

Proof. Let G x R be a right group and A a connection set of A such that A = {a} x R
where a € G. Then |p2(A)] = |R|. By Theorem 4.1.18, we obtain that y(A) < |G]|.
Assume that there exists a dominating set Y of A such that |Y| < |G|. Then there exists
x € G such that ¢ p1(Y). Let U = {u € G : u ¢ p1(Y)}. Assume that |U| = k for
some k € N in which 1 < k < |G| — 1. For each u € U, we obtain by Lemma 4.1.21 that
(ua,r) € Y for all » € R. Hence there exists at least one element ¢ € p;(Y’) such that
(g,r)eY forallr € R. Let V={vep(Y): (v,r) €Y forall r € R}. Assume that
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|V| =1 for some | € N such that 1 <[ < |G| — k. By Lemma 4.1.21 again, we get that
Y| > |R[l+ (|G| = k) =1+ (k—=1) = |R|l + |G| — 2l = |G| + (|R| — 2)l. Since |R| > 2,
we obtain that |Y| > |G|+ (|R| — 2) > |G|, a contradiction. Therefore, v(A) = |G|, as

required. ]

Theorem 4.1.24. Let G X R be a right group and A = K X R a connection set of A where

K is any subgroup of G. Then vy(A) = %

Proof. Let G x R be a right group and A = K X R a connection set of A where K
is a subgroup of a group G. Consider the set of all left cosets of K in G, G/K =
{1 K, 2K, ..., g K} for some t € N, we obtain that the index of K in G equals t, that
is, [G : K] = t. Let I = {1,2,...,t} be an index set. By Lemma 2.2.7, we have

(GXR)/(A) = {g;K xR :i € It such that GXR = |J(¢; K xR) and A = |J ((¢;K xR), E;)
i€l i€l
where ((¢;K x R), E;) is a strong subdigraph of A in which ((¢;K x R), E;) = Cay((A), A)

for all 7 € I. Consequently,

A(A) = (U (6:K x B), E») — 5 4((@K x R), Bi) = tly(Cay((4), )]

el i=1
By Lemma 2.2.8, we can conclude that (4) = (p1(A4)) x p2(A) = (K) x R=K x R = A.
In this case, we can prove that v(Cay((A), A)) = 1 since (A) = A. So we can conclude
that y(D) =t =[G : K| = H% which completes the proof. O

4.2 Total Domination Number

For the total domination number of a Cayley digraph A of a rectangular group
G x L x R with a connection set A, we obtain that the total domination number of A will
exist when p3(A4) = R. If we define A as in Theorem 4.1.1, then we can say that the total
domination number of A will exist when ps(A) = R which is considered in Cayley digraphs
of right groups. So we will prove this condition in the part of the total domination number
of Cayley digraphs of right groups (Theorem 4.2.11).

Now, we will present the result for the total domination number of a Cayley digraph

of a rectangular group in the term of the total domination number of a Cayley digraph of

a right group with a given connection set.

Theorem 4.2.1. Let G x L X R be a rectangular group and A a connection set of A.
If A = {(9,r) € G xR : (g,l,r) € A for somel € L} such that po(A) = R, then
Y (A) = |L| - 14(Cay (G x R, A)).

Proof. The proof of this theorem is similar to the proof of Theorem 4.1.1. O
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Next, we give some results of the total domination number of Cayley digraphs of
left groups with their connection sets. We start with the lemma which gives the condition

for the existence of total dominating sets in Cayley digraphs of left groups.

Lemma 4.2.2. Let G x L be a left group and A a connection set of I'. Then the total
dominating set of I' exists if and only if A # (.

Proof. Suppose that the total dominating set of D exists, say T. By the definition of T,
we obtain that for each (g,l) € G x L, (g,1) is dominated by (g1,11) for some (g1,11) € T,
that is, ((¢91,01),(g9,1)) € E(D). Then (g,1) = (g1,l1)(a1,l2) where (a1,l2) € A which
implies that A # ().

Conversely, assume that the connection set A # (), that is, there exists (a,l) €
A. Hence for each (g1,11) € G x L, we obtain that (g1,l1) = (g1a7',11)(a,l) in which
(g1a=1,11) € G x L. Thus (g1,01) is dominated by (gia=',l;) in G x L. If we take
T = G x L, then we can conclude that T is a total dominating set of I', that is, the total
dominating set of I' always exists when A # (). O

The following result gives us the total domination number of a Cayley digraph I' of
a left group G x L with a connection set A in the term of the total domination number

of a Cayley digraph of its subgroup.

Theorem 4.2.3. Let G/(pi1(A)) = {91(p1(A4)), g2(p1(A)), ..., 9x(p1(A))} for some k € N.
Then v(I') =k - |L| - v(Cay((p1(A)),p1(A))) where A is a connection set of I.

Proof. The proof of this theorem is similar to the proof of Theorem 4.1.2. ]

Proposition 4.2.4. Let S = D,, x L be a left group and A a nonempty subset of S such
that the identity element e ¢ p1(A) and for each x € pi(A), x=1 must belong to p1(A).
Let n > 3 be an integer, c = L”T_lj and k,t be integers such that 1 <k <candl <t <n.
Let pyr(A) = {r®, r2 . pok pl=0k pn=ok—1  pn—an gpbi gpb2 o gpbtl € D

If d = max{ai,as — a1,a3 — ag,...,ar — ax_1,b1,bo — by, b3 — ba, ..., by — by_1}, then

11(Cay(S, A)) < 2d|L|[ 77551
Proof. This proposition is true by Lemma 2.2.5 and Lemma 2.3.4. O

Proposition 4.2.5. Let n > 3 be an odd integer and ¢ = ”?71 Let S =7, x L be a left

group and A a nonempty subset of S such that
pi(A)={esn—cce—1,n—(c—=1),....,.c—(k—=1),n—(c— (k—1))}

for some k € N in which 1 < k < c. Then v¢(Cay(S,A)) = |L|[ 5} |-
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Proof. This proposition follows from Lemma 2.2.5 and Lemma 2.3.5, directly. O

Proposition 4.2.6. Let n > 3 be an even integer and ¢ = L%‘lj Let S =Zy, x L be a
left group and A a nonempty subset of S such that

p1(A) ={5,c,n—cc—=1n—(c—1),....c—(k=1),n—(c—(k—1))}
for some k € N in which 1 <k < c. Then v(Cay(S, A4)) = |L|[ 57 1-

Proof. This proposition follows from Lemma 2.2.5 and Lemma 2.3.6, directly. O

Before we give the next lemmas, we will define some notations which are used in
the proof. Let I = [a,b] be an interval of consecutive integers x such that a < x < b.
Furthermore, let (V, E) be a digraph and for each u € V', let N(u) ={v € V : (u,v) € E}

be the set of all neighbours of a vertex u and N(A) = |J N(a) where A is a subset of V.
acA

n—

Lemma 4.2.7. Letn > 3 be an odd integer. Let m = ?1 and k be a fixed integer such that
I1<kE<m. IfA={m,m—-1m-2,...,m—(k—1)} C Zy, then v(Cay(Z,,A)) = [ 7]

Proof. Assume that A= {m,m —1,m—2,...,m—(k—1)} and let [ = [7]. Since every
vertex in Z, has an out-degree k, from the definition of the total domination number, it

follows that v(Cay(Zy,A)) > 1. Let z = m+k + 1 and
Xe={zx,c+k,z+2k,...,z+ (I - 1)k}

Note that |X;| = I. Since I = [%], we get that n = (I — 1)k + j for some j € N with
1 <j <k. Thus V(Cay(Z,, A)) can be partitioned into [ intervals as follows:
L =[1,k], Io=[k+1,2k], Is =2k + 1,3k],..., ;.1 = [({ —2)k + 1, (I — 1)k], and
L=[(l=-1k+1,n].

Note that |I;| =k for all ¢ with 1 <i<[—1and 1 <|[}|] <k. Forany 0 <i <1 —2, we
have x + ik € X; and I;11 = [ik + 1, (i + 1)k]. Since A is a set of k consecutive integers
with the least element m — (k — 1) and from (x 4+ ik) + (m — (k — 1)) =ik + 1 (mod n),
we obtain that N(x + ik) = I;41. Therefore,

(+(-1Dk)+m—-(k—-1)=((—-1)k+1 (mod n) and so [; C N(xz + (I — 1)k).
Consequently,
V(Cay(Zn,A) =L ULU---UL_1 U]
CN(@)UNx+k)U---UN(@x+ (1 —-2k)UN(z+ (—1)k)
= J Ny) = N(Xy).

yeXy
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Thus X; is a total dominating set of Cay(Z,, A). Hence v(Cay(Zy, A)) < |X¢| = 1. So
we can conclude that v;(Cay(Z,, A)) =1 = [}], as desired. O

Lemma 4.2.8. Let n > 3 be an even integer. Let m = L”T_lj and k be a fixed integer such

that1 <k <m. IfA={5,mm—1,... m—(k—1)} C Zy, then v(Cay(Z,, A)) = [ 1-

Proof. Suppose that A = {5, m,m—1,...,m—(k—1)}. Then |A| = k+1andlet] = [kiﬂ]
Since every vertex of Cay(Z,, A) has an out-degree k+ 1, we also have v;(Cay(Z,, A)) > I.
Let z =m+k+2and Xy = {z,c+(k+ 1),z +2(k+1),...,.2+(—-1)(k+1)}. By

partitioning the set of all vertices of Cay(Zy,, A) into [ intervals as follows:

L=[Lk+1,L=[k+1)+1,20k+1)],....01=[l=-2)(k+1)+1,(I-1)(k+1)],
and I; = [({ = 1)(k+ 1)+ 1,n],

we can prove the remaining part of this lemma by applying the proof of the previous
lemma, similarly. Hence we can get the similar result of the previous proof, that is,

11(Cay(Zn, A)) < |Xi| = . Therefore, v;(Cay(Zn, A)) = | = [Fi7 - O

Now, we apply the above two lemmas to obtain the results for the total domination

number of a Cayley digraph of a left group Z,, x L with an according connection set.

Theorem 4.2.9. Let n > 3 be an odd integer. Let ¢ = ”Tfl and k be a fized integer such
that 1 <k <c. Let S =7, x L be a left group and A a nonempty subset of S.
Ifp1(A) ={c,c—1,c—=2,...,c = (k= 1)}, then v(Cay(S,A)) = |L|[ %]

Proof. This theorem is a direct result from Lemma 2.2.5 and Lemma 4.2.7. O

Theorem 4.2.10. Let n > 3 be an even integer. Let ¢ = L”T_lj and k be a fixed integer
such that 1 <k <c. Let S = Zy, x L be a left group and A a nonempty subset of S.
Ifp1(A) ={5,c,c—1,...,c— (k= 1)}, then %(Cay(S, A)) = |L|[ 47 1.

Proof. This theorem follows from Lemma 2.2.5 and Lemma 4.2.8, directly. O

Now, we present some results of the total domination number of Cayley digraphs
of right groups with their connection sets. The following theorem gives the necessary and
sufficient conditions for the existence of the total dominating set of a Cayley digraph A

of a right group G x R with a connection set A.

Theorem 4.2.11. Let G x R be a right group and A a connection set of A. Then the
total dominating set of A exists if and only if p2(A) = R.
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Proof. We first prove the necessary condition by assuming that the total dominating set
of A exists, say T. We will show that pa(A) = R. By the definition of the connection set
A, we have known that pa(A) C R. Let r € R. Then for each a € G, we get that (a,r) is
dominated by a vertex (x,y) for some (x,y) € T since T is the total dominating set of A.
Thus there exists (a’,r") € A such that (a,7) = (x,y)(d,7") = (zd’,yr’") = (za’,r’) which
implies that » = 7/, that is, r € pa(A). Therefore, po(A4) = R.

Conversely, we prove the sufficient condition by supposing that ps(A) = R. We will
prove that every vertex has an in-degree in A. Let (g,7) € G x R. Then r € R = pa(A).
Thus there exists a € p1(A) such that (a,r) € A. We obtain that

((ga™,7),(g,m)) = ((9a™",7"), (ga™",7")(a,7)) € E(A),

that is, (g, r) is dominated by (ga—!,7’). So we can conclude that every vertex of A always
has an in-degree in A. If we take T'= V(A) = G x R, then we can see that T' is a total
dominating set of A since for each (z,y) € G x R, (x,y) is dominated by some vertices in

T. Hence the total dominating set of A always exists if po(A) = R. O

Consequently in this part, we need to consider the connection set A of A in the case
where pa(A) = R. Next, we will show a lower bound and an upper bound of the total

domination number of a Cayley digraph of a right group with a given connection set.

Theorem 4.2.12. Let G x R be a right group and A a connection set of A such that

p2(A) = R. Then % <7(A) <G

Proof. Let A be a connection set of A such that p2(A) = R. We have known that the

total dominating set of A exists by Theorem 4.2.11. For each r € R, we let
T ={(9,r):9€G} =G x {r}.

We will show that T is a total dominating set of A. Let (x,y) € S = G x R. Since
p2(A) = R, we get that y € pa(A) which implies that there exists z € p;(A) such that
(z,y) € A. Since G is a group and z, z € G, we obtain that x = hz for some h € G. Thus
there exists (h,r) € T such that (x,y) = (hz,y) = (h,r)(2,y). Hence (z,y) is dominated
by the vertex (h,r) in T'. We can conclude that T is the total dominating set of A which
leads to the fact that

1(A) <|T| =[G x{r}| = |G].

Next, we will show that v, (A) > %. Assume to the contrary that there exists a

total dominating set 7" such that |T'| < %. Thus |T"A| < |T'||A| < |G||R| = |G x R|



which implies that there exists at least one element (p,q) € G x R but (p,q) ¢ T'A. Hence

there is no an element in 7" which dominates (p, ¢), this contradicts to the property of

the total dominating set T’. Consequently, v;(A) > ‘(iuf', as required. O

In the following example, we illustrate the sharpness of those bounds which are

given in Theorem 4.2.12.

Example 4.2.13. Let Z3 X R be a right group where Zs is a group of integers

modulo 3 under the addition and R = {r;, 72} is a right zero semigroup.

(1). Consider the Cayley digraph Cay(Zs x R, {(2,71),(0,72),(2,72)}).

Figure 4.5: Cay(Zs x R,{(2,71),(0,72),(2,72)}).
We obtain that X = {(0,71), (1,71),(2,71)} is a 7z —set of the Cayley digraph
Cay(Zs x R,{(2,71),(0,72),(2,72)}) and then
Y (Cay(Zs x R,{(2,11),(0,72), (2,72)})) = |X| = 3 = |Zs].

Similarly, we can obtain that v;(Cay(Z, x R, {(2,71), (0,72), (2,72)})) = |Z,| with a v, —set
Zy x {r1} where n € N.
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(2)- Consider CaY(Z?) X R, {(6> Tl)? (Ta 7“1), (gv 7“1), (Oa T2)a (17 T2)7 (2’ T2>})'

Figure 4.6: Cay(Zs x R, {(0,71),(1,71),(2,71),(0,72), (1,72), (2,72)}).

Then Y = {(0,71)} is a vz —set of Cay(Z3x R, {(0,7r1), (1,71), (2,71), (0,72), (1,72), (2,72)})
and hence 7,(Cay(Zs x R, {(0,71), (T,71), (2,71), (0,72), (T,72), (2,12)})) = |Y] = o fel
where A = {(0,71), (1,71), (2,71), (0,72), (1,72), (2,72)}.
Similarly, we get that v;(Cay(Zsr x R,{(0,r1),(1

Eofel — & with a y,—set {(0,71), (3,71), (6,71

’ (1’ Tl)’ (2,7’1), (Ga 7“2), (Tv 7“2), (z TZ)})) =
..... (3k —3,71)} where k € N.

~—
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