CHAPTER 5

Independence on Cayley Digraphs

of Rectangular Groups

In this chapter, we propose some results about independence parameters consisting
of the independence number, weakly independence number, dipath independence number,
and weakly dipath independence number on Cayley digraphs of rectangular groups with
respect to their connection sets. Furthermore, we study those independence parameters
on Cayley digraphs of left groups and right groups which are semigroups that encode some
structures of rectangular groups.

For a connection set A of a Cayley digraph, if p;(A) contains the identity e of a
group G, then we can observe that every vertex of the digraph has a loop attaching to
itself which does not affect to those independence parameters. Throughout this chapter,

we thus suffice to consider the connection set A in which the identity e ¢ p;(A).

5.1 Independence Number

This section presents some results of an independence number on Cayley digraphs
of rectangular groups including left groups and right groups. Recall that, the digraph A
denotes a Cayley digraph Cay(G x L X R, A) of a rectangular group G x L x R with respect
to a connection set A. In fact, the digraph A can be considered as the disjoint union of
|L| strong subdigraphs (G x {¢} x R, Ey) such that (G x {¢{} x R, Ey) is isomorphic to
Cay(G x R, A) for all £ € L where

A={(a,\) € Gx R:(a,l,\) € Afor some | € L}.

So those results on Cayley digraphs of rectangular groups will depend on the results from
corresponding Cayley digraphs of right groups, certainly. Some results of the parameter

« of the digraph A are obtained as follows.

Theorem 5.1.1. If I is an a—set of A, then IN(G x {¢} X R) is an a—set of the digraph
(G x {l} x R, Ey) for all { € L.
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Proof. Let I be an a—set of A and ¢ € L. We will show that 1N (G x {¢} x R) is an a—set
of the digraph (G x {¢} x R, E;). It is obvious that I N (G x {¢} x R) is a nonempty subset
of G x {¢} x R. Since IN(G x {¢} x R) C I, we can conclude that I N (G x {{} X R) is an
independent set of (G x {{} x R, Ey). Assume that there exists an independent set J of
(G x {{} x R, Ey) such that |J| > |I N (G x {£} x R)|. Therefore, [I\ (G x {{} x R)]UJ
is an independent set of A and we also obtain that
[N\ (Gx {6} x R)JUJ| = [T\ (G x {£} x R)| + ||

>|I\(Gx{{} xR)|+|IN(G x {{} x R)|

= [T\ (G x{f} x R)]U[I N (G x {£} x R)]]

= |I| which is a contradiction.
Consequently, our assertion is completely proved. O
Theorem 5.1.2. If T is an a—set of Cay(G x R, A), then |J ({t} x L x {A\}) is an

(N ET
a—set of A.

Proof. Suppose that T is an a—set of Cay(G x R, A). Let |J ({t} x L x {A}) be
(t,N)ET
denoted by K. We will prove that K is an a—set of A. It is clear that K is a nonempty

subset of G x L x R. We first show that K is independent in A. Assume that there exist
(t1,11, A1), (2,12, A2) € K such that they are not independent, that is,

((tl,ll,/\l), (tg,lg,)\Q)) S E(A) or ((tg,lg,)\g), (tl,ll,)\l)) € E(A)

Without loss of generality, we may suppose that ((¢1,01, A1), (t2,12, A2)) € E(D), that is,
(ta, 12, A2) = (t1,11,M)(a,l, ) = (t1a,lq, ) for some (a,l,u) € A. Hence (a,u) € A and
(t2, A2) = (t1a, 1) = (t1, A\1)(a, ;1) which implies that ((t1, A1), (t2, A2)) € E(Cay(G x R, A))
where (¢1, A1), (t2, A2) € T which contradicts to the independence of 7. Thus K is an
independent set of A. We now assume that there exists an independent set M of A

such that a(A) = |M| > |K| = | U {t} x L x {\})] = |T||L|. Then there exists
(t,\)eT
¢ € L such that |M N (G x {¢{} x R)| > |T|. Since M is an a—set of A, we obtain

that M N (G x {¢} x R) is an a—set of the digraph (G x {¢} x R, E;) by Theorem
5.1.1. Thus a(G x {{} x R, Ey) = |[M N (G x {{} x R)|. Since we have known that
(G x {f} x R, Ey) = Cay(G x R, A), we can conclude that

a(Cay(G x R, A)) = a(G x {{} x R,E)) = M N (G x {{} x R)| > |T|

which is a contradiction because T is an a—set of Cay(G x R, A). Consequently, the set

U ({t} x L x {\}) is an a—set of A, as required. O
(t,NeT
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Next, we will show some results of an independence number of Cayley digraphs
of left groups. Indeed, a Cayley digraph I' of a left group G x L with a connection set
A is the disjoint union of strong subdigraphs which each subdigraph is isomorphic to
Cay((p1(A)),p1(A)) as stated in Lemma 2.2.6. Thus we first need to consider the Cayley
digraph Cay((p1(A)),p1(A)) for extending the results to the Cayley digraphs of left groups
with corresponding connection sets. Firstly, we show some facts of an independence
number on Cayley digraphs of left groups.

Let A be a connection set of I'. Thus pj(A) is a connection set of Cay(G,pi(A4)).
Let A* be another connection set of a Cayley digraph I' of a left group G x L such that

p1(A*) = p1(A) UC where C C {c!:ce€ pi(4)}.
Clearly, p1(A*) C (p1(A)). We then obtain the following theorem.

Theorem 5.1.3. a(Cay({p1(A)),p1(A4))) = a(Cay({(p1(A)), p1(A¥))).

Proof. Let H := Cay((p1(A)),pi1(A)) and H* := Cay((p1(A)),p1(A*)) be Cayley digraphs
of (p1(A)) with connection sets p;(A) and p;(A*), respectively. Since pi(A) C p1(A4*),
we get that H is a spanning subdigraph of H* which easily implies that a(H*) < a(H).
Suppose that «(H) = k with a corresponding a—set X = {x1, 2, ..., 2%} for some k € N.
We will show that X is independent in H*. Assume that there exist x; and z; in X such
that they are not independent, that is, (x;,x;) € E(H*) or (zj,z;) € E(H*). Without
loss of generality, we can take (x;,x;) € E(H*). Hence z; = x;a for some a € py(A*).

If a € pi(A), then (x;,2;) € E(H) which is a contradiction since z; and x; are
independent in H.

If a = ¢! for some ¢ € pi(A), then we have T; = Ti0 = zic~ ' which implies that
x; = xjc, that is, (z;,2;) € E(H) which again contradicts to the property of the set X.

Therefore, X is an independent set of H* which directly implies that a(H) = k =
| X| < a(H*). So we can conclude that a(H) = a(H*). O

The following lemma describes a lower bound and an upper bound of an indepen-
dence number on Cayley digraphs of groups which is the useful result to obtain those

bounds on Cayley digraphs of left groups.

Lemma 5.1.4. Let Cay(G, B) be a Cayley digraph of a group G with a connection set B.

G B G B
Then 15 [ 4B < a(Cay(G, B)) < 1G) [ 122,

Proof. Let B be a connection set of Cay(G, B). It is the fact that Cay(G, B) is the disjoint

union of % subdigraphs such that each subdigraph is isomorphic to Cay({B), B), so we
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need to consider an independence number of Cay((B), B). Suppose that a(Cay({B), B)) =

k for some k € N. Since every vertex has an in-degree |B| and an out-degree |B|, we get

that k(2|B|+ 1) > |(B)| and whence k& > [21533‘!1-‘. Next, we suppose that there exists
an a—set X of Cay((B), B) in which | X| > L B>|J + 1. Then for each b € B and for all
z € X, we conclude that xb ¢ X by the independence of the set X. Hence X N Xb = 0.
Thus [(B)| > | X U Xb| = |X]| + | Xb| > {@J + {@J +2
— B >| KB)I=t | [B)I-t >| +2 where t € {0,1}
_ 2|(B>\—2t+4
2

=|(B)l-t+2>|(B)|.
This gives a contradiction. By applying the fact mentioned in the beginning of the proof,
we can conclude that o(Cay(G, B)) satisfies the lower bound and upper bound stated in

the above assertion. O

Theorem 5.1.5. Let I' be a Cayley digraph of a left group G x L with a connection set

Clzl T (A Gl | [(pa(A)]
A. Then iy (2|p11(,4)|+11 < al) < ity [ B J

Proof. According to Lemma 2.2.5, we obtain that I is the disjoint union of |L| isomorphic
subdigraphs such that each subdigraph is isomorphic to a Cayley digraph Cay(G,p1(A4))
of a group G with a connection set p;(A). Thus the lower bound and upper bound of

a(T") are directly obtained from Lemma 5.1.4. O

The following proposition illustrates the sharpness of the lower bound and upper
bound of «(T") shown in Theorem 5.1.5. In order to show the proposition, we need to
prescribe some notations as follows. Let A be a connection set of a Cayley digraph with

a vertex set V' and an arc set E. We define
Al={at:ac A}; NT(z)={yeV:(z,y) €E};and N~ (z) ={y € V: (y,z) € E}.
Proposition 5.1.6. The bounds given in the above theorem are sharp.

Proof. Let G be a finite cyclic group of odd order n with the generator ¢ and A a connec-
tion set of I' such that pi(A4) = {g,¢% ¢°,... ,gnT_l}. It is obvious that (p1(A)) = G and
p1(A)N[p1(A)]~! = 0 where [p1(A)]t = {a~! : a € p1(A)}. Then for each x € (p;(A)), we
have |[NT(z)|+|N~(z)| = 252+ 251 = n—1. Thus {z} is an a—set of Cay((p1(A)), p1(A)).
Therefore, a(Cay((p1(A)),p1(4))) =1 = {%1 which leads to the lower bound of
a(T") by applying Lemma 2.2.5, as desired.

Next, let A be a connection set of I" in which p;(A) = {a} where a is not the identity

of the group G and |a| = k for some an odd number & € N. We will give the sharpness
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for the upper bound of an independence number of Cay({p1(A)),p1(A4)). Then we can
easily investigate that the set {a,a® a’,...,a"* %} is an a—set of Cay({p1(A)),p1(A)),
Consequently, a(Cay((p1(4)),p1(4))) = L%J = {MJ. Again by Lemma 2.2.5, we

can conclude that a(I') = ‘ <L?‘(|1§)|>‘ V(Plgf\))lj which reachs the required upper bound of

a(T"). Hence those bounds mentioned in Theorem 5.1.5 are certainly sharp. O

In this part, we present some facts about the independence number of a Cayley
digraph A of a right group G x R with respect to a connection set A. Throughout this

part, we also focus on the connection set A in which the identity e ¢ pi(A).

Theorem 5.1.7. Let A be a Cayley digraph of a right group G x R with a connection
set A such that pa(A) # R. Let H be a strong subdigraph of A induced by G x p2(A).
Y ={yeG:yep W)} x{yeR:v ¢ pA)} where W is an a—set of H, then
a(D) = max{a(H) + Y], (|R] — [p2(A)])IG]}-

Proof. Suppose that A is a connection set of A in which p2(A) # R and let U = {(x,§) €
GxR:¢¢pA)}. Thus U # 0. Let (y,6),(z,7) € U. If ((y,8),(2,7) € E(A),
that is, (z,7) = (y,0)(a,\) for some (a,\) € A, then v = A = X € pa(A) which is
impossible. Similarly, if ((z,7), (y,8)) € E(A), then we also get a contradiction. Thus U
is an independent set of A which implies that a(A) > |U| = (|R| — |p2(4)])|G].

Next, we will let H be a strong subdigraph of A which is induced by G x p2(A) and
Y={yeG:yep (W)} x{ye€ R:v ¢ pi(A)} such that W is an a—set of H. Thus
WNY = (. We will show that WUY is an independent set of A. Let (z,9), (y,n) € WUY.
If (z,6), (y,n) € W, then they are independent in H by the property of an independent
set W. Hence they are also independent in A because H is the strong subdigraph of
A, If (2,0),(y,m) € Y and Y C U which is defined as above, then (x,) and (y,n) are
independent since U is an independent set of A. Now, we consider in the case where one is
in W and another one is in Y. Without loss of generality, we can assume that (z,) € W
and (y,n) € Y. By the property of the Cayley digraph A of a right group G x R, we
have ((,6), (y,n)) &€ E(A). If ((y,n), (z,0)) € E(A), that is, (z,0) = (y,n)(a, A) for some
(a,\) € A, then x = ya and § = n\ = A. Since y € p; (W), there exists p € pa(WW) such
that (y, ) € W and

(:IZ‘, 5) = (ya75) = (ynu)(aa 5) = (%M)(av )‘) where (a7 )‘) € A,

that is, ((y, ), (z,0)) € E(H) which contradicts to the independence of W. Hence (z, §)
and (y,n) are independent in A. Therefore, W UY is an independent set of A which
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implies that a(A) > (W UY| = |[W|+ |Y| = a(H) + |Y|. So we can conclude that
a(A) > max{a(H) + Y|, (|R] — |p2(A)|)|G|}, as required. O

Now, we consider the value of the independence number «(A) of a Cayley digraph
A of a right group G x R such that the connection set A satisfies the condition that
|R| > 2[p2(A)].

Theorem 5.1.8. Let A be a Cayley digraph of a right group G x R with a connection set
A in which p2(A) # R. If |R| = 2|p2(A)], then a(A) = (|R| — [p2(A)])|G].

Proof. Let A be a connection set of A such that pa(A) # R. The proof of this theorem
will be shown in the form of contraposition. Assume that «(A) # (|R| — [p2(A4)])|G]|,
that is, either a(A) < (|R] = [p2(A))IG| or a(A) > (|R] — [p2(A)])|G]. Since pa(A) # R,
we can conclude that a(A) > (|R| — |p2(A)|)|G| as shown in the proof of Theorem 5.1.7.
Hence we now have a(A) > (|R| — |p2(A)|)|G|. Let I be an independent set of A such
that |I| = a(A) > (JR| — |p2(A4)|)|G| which implies that I N (G x pa(A)) # 0. Let
T ={(y,B) € I:p€pa(A)}. Thus T # 0. For each (z,\) € T, there exists (a,\) € A
such that ((za=%,7),(2,\)) € E(A) for all v € R\ pa(A). Since I is independent, we
conclude that (za=t,7) ¢ I for all v € R\ p2(A). Hence

IT\T| < [(IR] = [p2(A)DIGI] = [lp1 (D)[(|R] = [p2(A)])]

= (IR| = [p2(ADNG| = [p1(T)])

which implies that (|R| — p2(A)])|G]| < |I| = |T| + |I\ T
< |T[+ (IR[ = [p2(A)DG] = [p1(T)])-
So we obtain that [T'| > (|R| — [p2(A)DIG| = (|R] — [p2(A) (|G| = [p1(T)])
= (|R| = |p2(A))) P (T)]-

Since (|R| — [p2(A)))|p1(T)] < |T| < [p1(T) x p2(T)| = [p1(T)|[p2(T)|, we obtain that
IR| — [p2(A)| < |p2(T)|. By the definition of the set T, we can observe that ps(T') C pa(A)

which implies that |R| — |p2(A)] < [p2(T)] < [p2(A)|. Consequently, we obtain that
|R| < |p2(A)] + |p2(A)| = 2|p2(A)]|, this completes the proof. O

Let A be a Cayley digraph of a right group G x R with a connection set A. The
digraph A is said to be almost complete if for each two different elements x and y in G

satisfy the following condition:

((z,8), (y,7), ((y,7), (z,8)) € E(D) for all 8,7 € pa(A).

We now obtain the following proposition.
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Proposition 5.1.9. Let A be a Cayley digraph of a right group G X R with a connection
set A such that pa(A) # R. If the digraph Cay((pi(A)) x p2(A), A) is almost complete,

then a(A) = max { (2L (17| - |pa(4)) G}

Proof. Assume that Cay((p1(A)) x p2(A), A) is almost complete. By the first part of
the proof of Theorem 5.1.7, we have a(A) > (|R| — |p2(A)|)|G|. Since pi(A) does not
contain the identity of G, we obtain that the set {x} x R is an independent set of A for
all z € (pi(A)). Thus a(Cay((p1(4)) x pa(A), A)) > |R| and then a(A) > <1 Hence
a(A) > max { (€L (1R| - pa(4)IG .

Now, let X be an a—set of Cay({p1(A)) x pa(A),A). Suppose that there exist
two different elements z,y € (pi1(A)) in which (z,f),(y,7) € X for some 3 € pa(A)
and v € R. Since the digraph Cay({p1(A4)) x p2(A), A) is almost complete, we obtain
that ((y, 8), (z, 8)) € E(Cay((p1(A)) x p2(A), A)), that is, (z,5) = (y,5)(a, A) for some
(a,\) € A. Hence z = ya and 5 = A. We also have (z,8) = (ya,\) = (y,7)(a, )
which implies that ((y,7), (z,5)) € E(Cay((p1(A)) x p2(A), A)). This contradicts to the
property of the independent set X. Thus all elements in X must be either elements in
{z} x R, for some z € (p1(A)), or elements in (p;(A)) x (R \ p2(4)). So we can conclude

that a(A) = max { K‘}f'(lAR)lH ,(|R| — |p2(A)])]G|}, as required. O

We next show the following theorem which gives an upper bound and a lower bound
of the independence number of Cayley digraphs of right groups with respect to some

specific connection sets.

Theorem 5.1.10. Let A denote a Cayley digraph of a right group G x R with a connection
set A in which po(A) = R. Then |R| < a(A) < V(pléAmJ \(L?LL&RJH‘

Proof. Let A be a connection set of A such that ps(A) = R. Since we consider the
connection set A in the case where e ¢ pi(A), we can observe that, for each g € G, the
set {g} x R is an independent set of A. Hence a(A) > [{g} x R| = |R].

In order to verify the upper bound of a(A), we will assume to the contrary that

a(D) > {I(plgA)HJ K‘pcﬂ(lAR)lH. By applying Lemma 2.2.7, we can conclude that there exists
g € G such that a((g(p1(A4)) X R), Eq) > L\(méifl)w |R|. Assume that X is an a—set of the
strong subdigraph ((g(p1(A)) x R), Ey) which means that | X| > [MJ |R| and then
1X N (g(p1(A)) x {AV)] > LM;*”'J for some A € R. Let Xy := X N (g(p1(A)) x {\}) and
Ay := AN (G x {A}). It is not hard to investigate that X, U X Ay C g(p1(A)) x {\} and

XaN XAy = 0. We have | Xy U Xy Ay < |g(p1(A)) x {A} = [g(p1(A))| = [(p1(A))| and
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hence |(p1(A4))] > |Xx U Xy Ax| = |Xa| + [Xad] > 21X, > 2 (L2205 > gy ()] for

some k € N. This gives a contradiction. Thus the upper bound is proved. ]
The sharpness of those bounds given in the above theorem is described as follows.
Proposition 5.1.11. The bounds stated in the above theorem are sharp.

Proof. We first consider the lower bound of a(A). Let A = (G'\ {e}) X R be a connection
set of A where e is the identity of a group G. It is uncomplicated to examine that A is
an almost complete digraph. It follows that {g} x R is an a—set of A for all g € G that
means «(A) = [{g} x R| = |R|.

For the sharpness of an upper bound of a(A), we shall consider the Cayley digraph
Cay(Z,, x R, A) of a right group Z, x R with a connection set A = {a} x R where n is a
natural number greater than 1 and a # e. Suppose that |a| = k for some k& € N. If k is even,
then the set {a,a®,a’,...,a" '} x Ris an a—set of Cay({p1(A))x R, A) and if k is odd, then
the set {a,a® a’,...,a* 2} x R is an a—set of Cay((p;(A)) x R, A) which each of these two
sets has the cardinality | % | |R|. Hence a(Cay((p1(A)) x R, A)) = || |R| = {MJ |R|

|<p1;A)>|J \(Lﬂlf)lﬂ’ as desired. O

which certainly implies that a(A) = [

5.2 Weakly Independence Number

This section provides the results of a weakly independence number «a,,(A) of a
Cayley digraph A of a rectangular group G x L x R relative to a connection set A.
The following two theorems are directly obtained by applying the similar arguments of

Theorems 5.1.1 and 5.1.2, respectively.

Theorem 5.2.1. If I is an ay—set of A, then I N (G x {{} X R) is an a,—set of the
digraph (G x {{} x R, Ey) for all ¢ € L.

Theorem 5.2.2. If T is an ay,—set of Cay(G x R, A), then |J ({t} x L x {\}) is an
(&, ET
qyy—set of A.

Now, we give some facts about the properties of the weakly independence number

ay(T) of a Cayley digraph I' of a left group G x L with respect to the connection set A.

Theorem 5.2.3. Let I' be a Cayley digraph of a left group G x L with a connection set
A. If p1(A) = [p1(A)] 71 where [p1(A)] " = {71 2 € p1(A)}, then aw(T) = a(T).

Proof. Let A be a connection set of I' in which p;(A) = [p1(A)]~!. In fact, we have
a(T") < ay,(T), so we only need to prove that a,,(I') < «(T"). Let I be an a,,—set of T’
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and (z,s), (y,t) € I. We claim that I is also an independent set of I". Assume to the
contrary that those two elements (z,s) and (y,t) are not independent. We can assume
without loss of generality that ((z,s), (y,t)) € E(I'). Thus (y,t) = (z,s)(z,1) = (zz, s) for
some (z,l) € A, that is, t = s and y = 2z where z € p1(A) = [p1(A)]~1. Then there exists
a € p1(A) such that z = a~! and there exists w € p2(A) in which (a,w) € A. We obtain
that (z,s) = (yz=1,t) = (ya,t) = (y,t)(a,w) and then ((y,t), (z,s)) € E(T'). Hence (z, s)
and (y,t) are not weakly independent which contradicts to the property of I. Thus (z, s)
and (y,t) are independent, this means that I is an independent set of I'. We can conclude

that ay,(I') = |I| < «(I"), proving the assertion. O

Let A and A" be connection sets of Cayley digraphs of a left group G x L such that
p1(AY) = p1(A) N [p1(A)]~L It is true that py(A%) C (p1(A)), clearly. We consequently

have the following theorem.

Theorem 5.2.4. «a,,(Cay({(p1(A)),p1(A))) = aw(Cay((pl(A»,pl(Aﬂ))).

Proof. Let C := Cay({p1(A)),p1(A)) and C* := Cay((p1(A)),p1(A?)) be Cayley digraphs
of {p1(A)) with connection sets p;(A) and p;(A*?), respectively. Since p;(AF) C p1(A) as
defined above, we can conclude that C* is a spanning subdigraph of C' which implies that
@ (C) <y (CF), absolutely.

We now assume that X is an a,,—set of C* and need to show that X is a weakly
independent set in C. Suppose that there exist x,y € X such that (z,v), (y,z) € E(C).
Then y = xa and x = yb for some a, b € p1(A). We obtain that y = za = yba which implies
that ba = e, the identity of a group G, that is, b = a=!. Thus a,a™! € p1(A)N[p1(4)]7! =
p1(A%). This implies that (x,y), (y,2) € E(C*) which is a contradiction since z and y are
weakly independent in C*. Hence (z,y) ¢ E(C) or (y,z) ¢ E(C), that is, z and y are
weakly independent in C' which leads to the fact that X is a weakly independent set of
C. We can conclude that oy, (C*) = |X| < ay(C). Therefore, oy, (C) = ay,(C*) which

certainly completes the proof as required. O

Let T' := Cay(G x L, A) and I'¥ := Cay(G x L, A*) be Cayley digraphs of a left
group G x L with respect to connection sets A and A", respectively, where A? is the
connection set as defined previously. We completely obtain by the definition of A¥ that
p1(A*) C p1(A) which implies that (D) < a(D*). Moreover, it is not hard to investigate
that p1(A*) = [p1(A%)]~'. We can conclude by Theorem 5.2.3 that o(T'*) = a,,(T'¥). By
applying Theorem 5.2.4, we have a,(I'*) = a,,(I"). Hence we evidently get the following
result about the weakly independence number of Cayley digraphs of left groups.
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Theorem 5.2.5. Let I' be a Cayley digraph of a left group G x L with a connection set

UL Tl (A)) GILL | JpL(A%)]
A. Then ey Hm(me < ow(l) < 10y, L 2 J

Next, we will consider the weakly independence number of a Cayley digraph A of a
right group G x R with respect to a connection set A. We consequently have the following

results.

Theorem 5.2.6. Let A be a Cayley digraph of a right group G X R with a connection set
A. Then o (N) = |G||R| if and only if p1(A) N [p1(A)]~! = 0.

Proof. Assume that a,,(A) = |G||R|. Then G x R is a weakly independent set of A,
this means that every two vertices of A are weakly independent. Suppose that there
exists an element a € pi(A) N [p1(A4)]7t. Thus a = b~! for some b € pi(A4). Hence
there exist 3,7 € pa(A) such that (a,f),(b,y) € A. Let x be any element in G. Since
(za, B) = (z,7)(a, B) and (z,7) = (vaa™*,7y) = (va, B)(a"",7) = (za, B)(b,7), we obtain
that ((z,v), (za,p)), ((za,p), (z,v)) € E(A), that is, (z,v) and (za, ) are not weakly
independent in A which is a contradiction. Therefore, p1(A) N [p1(A4)]~! = 0.

On the other hand, we will suppose that pi(A) N [p1(A)]~' = . If there exist
two elements (z,f), (y,7) € G x R such that they are not weakly independent in A,

that is, ((z,8), (¥,7)), ((y;7), (x,8)) € E(A), then (y,7) = (z,8)(a,\) = (za,A) and

(x,8) = (y,7)(b,r) = (yb, ) for some (a, A), (b,u) € A. Thus y = za and = = yb and
then * = yb = xab. Hence we have by the cancellation law that a = b= € [py(A)]~ .
Consequently, a € p1(A) N [p1(A)]~! which contradicts to our supposition. Therefore,
G x R is a weakly independent set of A which completely implies that a,,(A) = |G||R|,

proving the assertion. O

For the connection set A of A in which p1(A4) N [p1(A4)]~! # 0, we obtain the lower

bound of a weakly independence number a,,(A) of A as follows.

Theorem 5.2.7. Let A be a Cayley digraph of a right group G x R with a connection set
A in which p1(A) N [p1(A)]~L £ 0. If X = {\ € pa(A) : a= & p1(A) for all (a,\) € A},
then aw(A) = (|R| — |p2(A)| + | X]D|G] + [p2(A)] — [ X].

Proof. Let A be a connection set of A such that pi(A4) N [p1(A)]~! # 0 and we define
X ={\epa(A):a"t ¢ pi(A) for all (a,\) € A}.

If po(A) # R, then G x (R \ p2(A)) # 0 and it is not difficult to verify that the set
G x (R\ p2(A)) is a weakly independent set of A.

We now show that G x X is a weakly independent set of A. Assume that there
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exist (g1,A1),(92,A2) € G x X such that ((g1, A1), (92, A2)), (g2, A2), (91, \1)) € E(A).
Then (g2, A2) = (g1, M1)(a, B) = (916, ) and (g1, M1) = (g2, A2)(b,7) = (g2b,7) for some
(a,B),(b,v) € A. Thus g2 = gia, s = B and g1 = gob,\; = . Hence g1 = g2b = g1ab
which implies that a=! = b. Hence there exists (a,3) € A such that a= = b € py(A),
that is, A2 = 8 ¢ X which is a contradiction. So G x X is weakly independent in A.

For fixed g € G, since the identity e ¢ p1(A), we can conclude that {g} x (p2(A)\ X)
is weakly independent in A.

Next, we will prove that I := [G x (R\ p2(A4))|U(G x X)U[{g} x (p2(A)\ X)] is a
weakly independent set of A. Assume to the contrary that there exist (¢, d), (d,n) € I such
that ((c,9),(d,n)),((d,n),(c,6)) € E(A). We need to consider the following two cases.
Case (i): if (¢,0) € G x (R\ p2(A)) and (d,n) is in G x X or {g} x (p2(A) \ X), then
0 ¢ p2(A). Since ((d,n),(c,d)) € E(A), we get that there exists (k,e) € A such that
(¢,0) = (d,n)(k,e) and then § = ne = € € pa(A), a contradiction.

Case (ii): if (¢,0) € G x X and (d,n) € {g} x (p2(A) \ X), then § € X that means
a=t ¢ p1(A) for all (a,8) € A. Since ((c,6),(d,n)),((d,n),(c,8)) € E(A), there exist
(u,¢), (v,€) € A such that (d,n) = (¢,0)(u, () = (cu,() and (c,6) = (d,n)(v, &) = (dv,§).
Then d = cu,n = ¢ and ¢ = dv,0 = £&. Thus d = cu = dvu which implies that v =
v~ Hence v~ ! = u € pi(A) where (v,£) € A and whence § = ¢ ¢ X, this gives a
contradiction. Therefore, the set I is a weakly independent set of A, that is, a,,(A) > |I].
Since G x (R\ p2(A)), G x X and {g} x (p2(A) \ X) are pairwise disjoint, we obtain that

(D) 2 |G x (R \ p2(A))] U (G x X) U [{g} x (p2(A) \ X)]]
=[G < (R\p2(A))] + |G x X[+ {g} x (p2(4) \ X)|
= [GI(|R] = [p2(A)]) + |Gl X]| + |p2(A)] — | X]
= |GI(|R] = Ip2(A)] + |X]) + [p2(4)] — [X].
This completes the proof of the theorem. O

Next, we will present the exact value of a weakly independence number of Cayley
digraphs of right groups with respect to some special connection sets. In order to state the

theorem, we need to show the following lemma which is useful for proving our theorem.

Lemma 5.2.8. Let A be a Cayley digraph of a right group G x R with a connection
set A in which p1(A) N [p1(A)]™' # 0. Let e be the identity of a group G and define
X = {(@)) € A+ 2 € pi(A) N [pr(A)]~" and 22 £ e} where |py(X)] = [X| = [pa(X)]. If
W is a weakly independent set of A, then W contains at most %|G x p2(X)| elements of
G x pa(X).
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Proof. Suppose that the conditions hold. Let W be a weakly independent set of A.
Assume, contrary to what we want to prove, that [W N (G x pa(X))| > 3|G x pa(X)|.
Let {J, K} be a partition of p;(X) satisfying the condition that for each z € J, ! must
belong to K. Thus |J| = |[K| = |G x pa(X)|. Since [p1(X)| = |X| = |p2(X)|, we can
conclude that for each w € p;(X), there exists a unique 8 € pa(X) such that (w,f) € X
and for each v € pa(X), there exists a unique u € p;(X) such that (u,~y) € X. Let
I'={Ce€paX):(2,() € X for some z € J} and
L={£epX): (k& € X for some k € K}.
We can observe that {I, L} forms a partition of pe(X) with |I| = |J| = |L|.

Next, let (g, A) be any element in G x pa(X). We will show that there exists a
unique (z, 1) € G X pa(X) such that (g, \) is not weakly independent to (x, u). Suppose
that there exist (z1, p1), (x2, u2) € G X p2(X) such that they are not weakly independent
to (g,A\). Without loss of generality, we assume that (g, \) € G x I. Hence there exist
ay,az € pi(A) such that ¢ = x1a; where (al,A),(afl,,ul) € A and g = x9a9 where
(a2, A\), (a5 ', u2) € A, respectively. Since (ag,)), (a2, \) € A and a1,as € p1(X), we can
conclude that a; = as which implies that p; = ps. Then x1 = gal_1 = gaQ_1 = x9. Hence
(x1,p1) = (@, pe). Since {I,L} is a partition of pa(X), we have {G x I,G x L} is a
partition of G X pa(X). For any weakly independent set U, we define U* to be the set
consisting of all vertices that are not weakly independent to any vertex in U, that is,

U* = {v : v is not weakly independent to u for some u € U}. Consider
WN(Gxp(X)=WnN[(GxT)U(GxL)]=[Wn(GxI)U[WnN(G x L)] and
WNGExDHUWN(GExL)UWN(GExD*UWN(GxL)]*CG xpaX),
then |G x po(X)| > |[[WN(GxDU[WN(GxL)|+|[WnN(GxD]*UWnN(Gx L)*

> 3|G x pa(X)| + 351G % p2( X))
= |G X p2(X)| which is a contradiction.
This completes the proof of our assertion, as required. ]

Now, we are ready to present the following theorem:.

Theorem 5.2.9. Let A be a Cayley digraph of a right group G X R with a connection
set A in which p1(A) N [p1(A)]F #0. If Y = {(y,\) € A:y € p1(A) N[p1(A)]~'} and
p1()] = Y] = [pa(Y)], then aw(A) = 1G] (IR - 51).

Proof. Let Y = {(y,\) € A:y € p1(A)N[p1(A)]~1} be such that [p;(Y)| = |Y| = |p2(Y)].
We first show that G x (R \ p2(Y)) is a weakly independent set of A. Suppose that there
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exist (g1, A1), (92, A2) € G x (R \ p2(Y)) such that ((g1, A1), (92, A2)), (92, A2), (91, A1) €
E(A). Then (g2, A2) = (g1,A1)(a1, 1) = (g1a1,p1) and (g1, A1) = (g2, A2)(az, p2) =
(g2a2, p2) for some (a1, p1), (a2, u2) € A. Thus g2 = g1a1, A2 = p1 and g1 = gaas, A1 = po.

We can obtain that go = g1a1 = goaga; which implies that as = al_l.

Hence aq1,a0 €
p1(A)N[p1(A)]~! and then (ay, p1), (ag, pu2) € Y, that is, uy and po must belong to pa(Y).
We can conclude that Aj, A2 € p2(Y) which is a contradiction. Therefore, G x (R \ p2(Y'))
is a weakly independent set of A and it follows that au,(A) > |G|(|R| — |p2(Y)]).

Now, let T = {(a,\) € Y : a = a”'} and Z = Y \ T. By the definition of
the set Z, we can conclude that for each z € pi(Z), z~' must belong to pi(Z). Let
{J, K} be a partition of p;(Z) which satisfies that for each = € .J, =! must belong to
K. Thus |J] = |K| = 2l Since Z C Y and |pi(Y)] = [Y] = |pa(Y)], we have
ip1(Z)| = |Z| = |p2(Z)|. Then for each w € pi(Z), there exists a unique 8 € p2(Z)
such that (w, ) € Z and for each v € pa(Z), there exists a unique u € p;(Z) such that
(u,v) € Z. Let I = {n € p2(Z) : (z,n) € Z for some z € J}. We will prove that G x I is a
weakly independent set of A. Let (g1, A1), (g2, A2) € G X 1. Since A1, \g € I, we obtain that
(21, A1), (22, A2) € Z for some z1,29 € J. If ((g1,\1), (92, A2)), ((92, A2), (g1, A1) € E(A),
then there exist (a, (), (b,&) € A such that (g2, A2) = (91, A1)(a, ) = (g1a,¢) and (g1, \1) =
(g2, A2)(b, &) = (g2b,&). Thus go = g1a, 2 = ¢ and g1 = g2b, \1 = £ which implies that
b=a"' We have a,b € pi(A) N [p1(A)]~! which follows that (a,(),(b,&) € Y. Since
Z CY and |[p1(Y)| = Y] = |p2(Y)]|, we have a = 22 and b = z; and hence a,b € J which
contradicts to the definition of J. Thus G x I is weakly independent in A that means
(M) 2 |G x 1) = [GIIT] = |GII] = 1G22 = 1GI(1p1 (V)] — |1 (T)]).

For each (a, ) € T, we obtain that Cay(G x {A}, {(a, A)}) is the disjoint union of ‘Gl
strong subdigraphs which each subdigraph is isomorphic to a strongly connected digraph
of order 2. By choosing one vertex from each subdigraph, we can conclude that the set of
these chosen vertices forms a weakly independent set of Cay(G x {A},{(a,A)}). It is not
difficult to verify that a,,(Cay(G x {A},{(a,\)})) = | | Since every vertex in G x {A}is
weakly independent to other vertices in G' x (R \ {)\}), we obtain that

aw(Cay(G x pao(T), T)) = 7.
Moreover, we can conclude that every vertex in G X pa(Z) is weakly independent to

every vertex in G x pa(T'). Therefore,
aw(A) > S (py (V)] = [po(T)]) + ST + |GI(R| - [p2(Y)])
= (G [l — gDl 4 L 4R — [pa()

— (6] (1R - ).
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We now suppose that there exists a weakly independent set U of a digraph A such
that |U| > |G| <|R| - %) It is easy to obtain that G x (R \ p2(Y)) C U. Since every
vertex in G x pa(T') is weakly independent to other vertices in G x (R \ p2(7)) and
from a,,(Cay(G x p2(T),T)) = @]Th we can conclude that U contains an «a,,—set of

Cay(G x pa(T),T). It follows that
UN(G x pa(2))| = U]~ |GI(IR] - p2(¥)]) = 1§17
> |GI(1R - B — |GI(| Rl = Ip2(V))) — G171
= 1G] [1R] = 5 = Rl + po(v)] - 5]

=G| (Ipz(ZY)l ~ \ngT)I)
= |G [p2(Y\T)|

2
=G| 2
= 3|G x p2(2)]
which contradicts to Lemma 5.2.8. Therefore, ay,(A) = |G]| (]R| ~ %') O

5.3 Dipath Independence Number

The purpose of this section is to investigate the dipath independence number of
Cayley digraphs A, I', and A of a rectangular group G x L x R, a left group G x L, and
a right group G x R, respectively.

We will start this section with the results of the dipath independence number of
Cayley digraphs of rectangular groups with respect to their connection sets. By applying
the similar arguments of Theorems 5.1.1 and 5.1.2, we respectively obtain the following

results.

Theorem 5.3.1. If I is an ap—set of A, then I N (G x {{} x R) is an op—set of the
digraph (G x {£} x R, Ey) for all £ € L.
Theorem 5.3.2. If T is an ap—set of Cay(G x R, A), then |J ({t} x L x {\}) is an
(t,N)eT

ap—set of A.

Next, we shall consider the dipath independence number «,(I") of a Cayley digraph
I’ of a left group G x L with a connection set A. Since I' is the disjoint union of strong
subdigraphs which each subdigraph is isomorphic to Cay({p1(A)),p1(4)), we need to
describe the useful property of Cay({p1(A)),p1(A)) in the following lemma which will be

referred in the next theorem.
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Lemma 5.3.3. If A is a connection set of a digraph T, then Cay((pi1(A)),pi1(A)) is

strongly connected.

Proof. Let A be a connection set of I' and z,y € (p1(A)). We claim that there exists
a dipath connecting between x and y. Since (p1(A)) is a subgroup of G, there exists
a € (p1(A)) such that y = xa. Then a = ajasy - - - ay for some ai,as,...,ar € p1(A) and
k € N. Thus (z,za1), (zai,zaiag),...,(raraz---ax—1,y) € E(Cay((pi1(A)),pi1(A))) that
means &, rai, Taids, . ..,Ta1as - - Gg_1,Ta102 - - ap_1a = xa = y is the dipath connecting
from = to y in Cay({p1(A)),p1(A)). So we can conclude that Cay((p1(A4)),pi1(A4)) is a

strongly connected digraph as claimed. O

The following theorem shows the exact value of a dipath independence number on

Cayley digraphs of left groups with respect to their connection sets.

Theorem 5.3.4. Let I' be a Cayley digraph of a left group G x L with a connection set

G||L
A. Then a,(T) = mlm'(lA)IH'

Proof. By considering Cay((p1(A4)),p1(A)), we consequently obtain by Lemma 5.3.3 that
it is a strongly connected subdigraph of Cay(G,pi(A)). Hence there is a dipath that
connects between any two different vertices of Cay((p1(A)),p1(A4)) which implies that
ap(Cay((p1(A)),p1(A))) = 1. Furthermore, we can obtain by using Lemma 2.2.6 that

ap(T) = it p(Cay(p1(A)), p1(A)) = oy i

The following theorem describes the relation between a weakly independence number
and a dipath independence number of Cay((pi1(A)),p1(A)) which can be isomorphically

considered as a strong subdigraph of I'.

Theorem 5.3.5. Let A be a connection set of I' and denote by C the Cayley digraph
Cay((p1(A)),p1(A)) of (p1(A)) with a connection set p1(A). Then the following statements
are equivalent:

(1). ap(C) = au(C);

(2). a(C) =1;

(3). p1(A)U{e} = (p1(A)) where e is the identity of a group G.

Proof. Let C := Cay((pi1(A)),p1(A)) be a Cayley digraph of a group (p1(A4)) with a
connection set p1(A).

(1) = (2) : Suppose that a,(C) = a,(C). As we have known from Lemma 5.3.3
that C' is strongly connected, we get that a,,(C) = 1 and whence a,,(C) = 1.
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(2) = (3) : Assume that a,,(C) = 1. It is clear that p;(A)U{e} C (p1(A)). We now
let x € (p1(A)). If x = e, then = € p;(A)U{e}, obviously. So we next consider in the case
where = # e. Since a,,(C) = 1, we obtain that {y} is an a,,—set of C' where y € (p1(A4))
and then (y,yz) € E(C), that is, yr = ya for some a € p1(A). Thus z = a € pi(A) by
the left cancellation law. Hence the statement (3) is proved.

(3) = (1) : Suppose that pi1(A) U {e} = (pi(A)). For any two different vertices

Lg)

z,y € {p1(A)), we obtain that (z,y), (y,z) € E(C) since y = x(x~1y) and x = y(y~
where 71y, y~tax € (p1(A)) \ {e} = p1(A), respectively. Thus {x} is an a,—set of C
and also a dipath independent set of C. Hence o, (C) = [{z}| < ap(C). As we have
generally known that o, (C) < a,,(C), we can absolutely conclude that a,(C) = o, (C),

this completes the proof. O

In general, if I" is a Cayley digraph of a left group with any connection set A, we

have the fact that a,(I") < a(I") < ay,(T"). Thus we directly obtain the following result.

Corollary 5.3.6. Let A be a connection set of I' and denote by C the Cayley digraph
Cay((p1(A)),p1(A)) of (p1(A)) with a connection set p1(A). Then ap(C) = a(C) =
ay(C) = 1 if and only if p1(A) U{e} = (p1(4)).

Now, we illustrate the exact value of a dipath independence number of a Cayley

digraph A of a right group G x R with respect to the connection set A.

Theorem 5.3.7. Let A be a Cayley digraph of a right group G X R with a connection set
A. If pa(A) # R, then ap(A) = |G|(|R| — [p2(A)]).

Proof. Let A be a connection set of A such that pa(A) # R. We will show that the set
G x (R\ p2(A)) is a dipath independent set of A. Suppose that there exist two elements
(91,A1), (92, A2) € G x (R \ p2(A)) such that they are not dipath independent, that is,
there exists a dipath from (g1, A1) to (g2, A2) in A or there exists a dipath from (g2, A2)
to (g1, A1) in A. Without loss of generality, we can assume that A contains a dipath from
(91, A1) to (g2, A\2). Hence we can write (g2, A2) = (g1, \1)(a1, 1) (az, pe) - - - (ag, px) for
some k € N where (a;,p;) € A for all i € {1,2,...,k}. It follows that go = gra1as---ay
and Ao = Ajpupg - pug = pr € p2(A) which leads to a contradiction because (g2, A2) €
G x (R\ p2(A)). Thus G x (R \ p2(A)) is a dipath independent set of A which directly
implies that a,(A) > |G x (R\ pa(4))] = GI(IR] — [p2(A)]).

Assume that there exists an a,—set I such that |I| > |G|(|R| — |p2(A4)]). Then
there exists # € G such that (x,n), (z,p) € I for some n € pa(A) and p € R\ p2(A).
Since 1 € pa(A), there exists a € pi(A) such that (a,n) € A. Suppose that |a| = k for
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some k € N. Hence (z,7) = (za®,n) = (x,p)(a,n)* which implies that there exists a
dipath from (z, p) to (x,n), a contradiction. Consequently, oy,(A) = |G|(|R| — |p2(A)]), as
required. O

Theorem 5.3.8. Let A be a Cayley digraph of a right group G X R with a connection set

G
A. If po(A) = R, then ap(A) = |<pl(zlﬁ)>|'

Proof. Let A be a connection set of a digraph A such that pa(A) = R. Assume that
G/(p1(A)) = {g1(p1(A4)), 92(p1(A)), ..., gr(p1(A))} is the set of all left cosets of (p1(A)) in
G where k € N. By Lemma 2.2.7, we obtain that A is the disjoint union of k& isomorphic
strong subdigraphs ((g;(p1(A)) X R), E;) of A such that ((gi(p1(A))xR), E;) = Cay((A), A)
for all i € {1,2,...,k}. So we need to consider a digraph Cay({A), A) instead of A. We
now show that Cay((A), A) is strongly connected. Let (z,\), (y,p) € (4). By Lemma
2.2.8, we obtain that (A) = (p1(A)) x p2(A) = (p1(A)) x R. Since p € R, there exists
a € pi(A) such that (a,p) € A. From z,y € (pi1(A)) and (pi1(A)) is a group, we can
write y = zu for some u € (p1(A)). Thus u = ujug---u; where uy,us,...,uy € p1(A).
Then there exist €1,€9,...,6 € R in which (uy,e1), (u2,e2),..., (u,e;) € A. Consider
(y,e¢) = (zu,e¢) = (vugug -+ -ug,e) = (x, \)(ug,e1)(ug,e2) - - - (ug, £¢), we can conclude
that there exists a dipath from (x,\) through to (y,&¢). Assume that |a| = n for some
n € N. Therefore, y = ya™ and then (y, u) = (ya”, ) = (y,e¢)(a, u)™ which implies that
there exists a dipath connecting from (y,e¢) to (y,u). So we can conclude that there
exists a dipath from (z, \) to (y, ) which leads to the result that Cay((A), A) is strongly
connected. It is simple to investigate that a,(Cay((A), A)) = 1. For this reason, we can
completely imply that o, (A) = |G/ (p1(A))] - ap(Cay((A), A)) = %, as desired. [
5.4 Weakly Dipath Independence Number

The aim of this section is to study the weakly dipath independence number of
Cayley digraphs of rectangular groups with their connection sets. Especially, the weakly
dipath independence number of Cayley digraphs of left groups and right groups are also
considered.

We firstly describe the weakly dipath independence number a,,(A) of a Cayley
digraph A of a rectangular group G x L x R with a connection set A. The following
theorems are directly obtained by applying the similar arguments of the results from

Theorems 5.1.1 and 5.1.2.
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Theorem 5.4.1. If I is an oup—set of A, then I N (G x {{} x R) is an oup—set of the
digraph (G x {{} x R, Ey) for all ¢ € L.
Theorem 5.4.2. If T is an aup—set of Cay(G x R, A), then |J ({t} x L x {\}) is an
ayp—set of A. e

Now, we consider the weakly dipath independence number of Cayley digraphs of
left groups with their connection sets. Actually, we can say that a Cayley digraph I' of
a left group G x L is the disjoint union of isomorphic subdigraphs which each of them is
strongly connected by Lemma 5.3.3. This means that if there exists a dipath connecting
from a vertex u to another vertex v in that Cayley digraph, there must be a dipath joining
from v to u, as well. Consequently, the results of a weakly dipath independence number
of Cayley digraphs of left groups can be considered to be the same results as a dipath
independence number of Cayley digraphs of left groups, straightforwardly.

The last theorem in this section shows the weakly dipath independence number

ayp(A) of a Cayley digraph A of a right group G x R with an arbitrary connection set A.

Theorem 5.4.3. Let A be a Cayley digraph of a right group G x R with a connection set

A. Then aup(A) = % +[G|(|R] = [p2(A)])-

Proof. Let A be a connection set of A. We now consider the following two cases.

Case (i): p2(A) = R. Then |G|(|R| — |p2(A)]) = 0. We have already known by Lemma
2.2.7 and Lemma 2.2.8 that the digraph A can be considered as the disjoint union of
% isomorphic strong subdigraphs Cay((p1(A4)) x p2(A), A). In addition, we have
already proved in Theorem 5.3.8 that Cay({p1(A)) x p2(A), A) is a strongly connected
subdigraph of A. It can be easily shown that every two elements of (p1(A)) x pa(A) are
weakly dipath independent which directly implies that o, (Cay((p1(A)) x p2(A), A)) = 1.

So we can conclude that

cup(A) = ity + GBI — [p2(A)]).

Case (ii): pa(A) # R. We have proved in Theorem 5.3.7 that G x (R\ p2(A)) is a dipath
independent set of A. Tt follows that G x (R\p2(A)) is also a weakly dipath independent set
of A. Consider Cay(G x p2(A), A), we can certainly obtain that au,,(Cay(G xp2(A), A)) =
% by applying the proof of the above case. Since there is no dipath from any
vertex in G x pa(A) to any vertex in G x (R \ p2(4)), we can totally conclude that
ayp(A) > % +|G|(|R|—|p2(A)|). It is not complicated to observe that every c,,—set

of A must contain the set G x (R \ p2(A)). Hence if we let X be an a,,,—set of A such

o8



that | X| > % + |G|(|R| — |p2(A)]), then there exist at least % + 1 elements in
G X pa(A) such that they are contained in X. Thus there exist at least two elements of
X belonging to the same strongly connected subdigraph Cay(g(p1(A)) x pa(A4), A) of A
for some g € G. Hence those elements are not weakly dipath independent in A which

contradicts to the weakly dipath independence of X. Therefore,
G
(M) = 7l + IGI(1R| = [p2(A)). O

However, we can evidently observe from the results described in Theorem 5.3.8 and

Theorem 5.4.3 that a,(A) = |<pl(GIL)>| = ouyp(A) in the case where pa(A) = R.
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