
CHAPTER 4

Conclusions

In Section 3.1, we addressed some properties of T (X,Y ). The important theorems

are in the below.

1. ⟨A⟩ is a completely simple semigroup and T (X,Y )A = T (X,Y ) if and only if Y α = Y

for all α ∈ A.

2. If Y α = Y for all α ∈ A, then ⟨A⟩ is a left simple semigroup.

In Section 3.2, we characterized the Cayley digraphs of T (X,Y ) as in the following.

Let A = {α1,α2, . . . ,αr} ⊆ T (X,Y ). Define a relation ∼ on T (X,Y ) by

β ∼ γ ⇔ there are representatives τ1, τ2, . . . , τk of dicycles C
αn1
τ1 , C

αn2
τ2 , . . . , C

αnk
τk

where αn1 ,αn2 , . . . ,αnk ∈ A, there exist β1,β2, . . . ,βk ∈ T (X,Y ) such that

β = β1, γ = βk and βiα
si
ni

= τi = βi+1α
ti
ni

for some si, ti ∈ N, i = 1, 2, . . . ,

k − 1.

Then the relation ∼ on T (X,Y ) is an equivalence relation and

Cay(T (X,Y ), A) ∼=
⋃̇

β∈T /∼
[β̄].

In Section 3.3, we addressed the connectedness and undirected properties of the

Cayley digraphs of T (X,Y ) which are shown in the following table.

Properties of Cay(T (X,Y ), A) Necessary and Sufficient Conditions
1. strongly connected |Y | = 1.
2. weakly connected σz ∈ ⟨A⟩ for some z ∈ Y .
3. unilaterally connected 3.1 r = 1,

3.2 r = n = 2 and {[2, 1], [1, 1]} ⊆ A, or
3.3 r = n = 2 and {[2, 1], [2, 2]} ⊆ A.

4. undirected Y α = Y for all α ∈ A and AY = (AY )−1.

44



In Section 3.4, we gave necessary and sufficient conditions being vertex-transitive

and color-preserving vertex-transitive of Cayley digraphs of T (X,Y ). We obtained that

the following statements are equivalent:

1. Cay(T (X,Y ), A) is Aut(T (X,Y ), A)-vertex-transitive;

2. Cay(T (X,Y ), A) is ColAut(T (X,Y ), A)-vertex-transitive;

3. Y α = Y for all α ∈ A and |β⟨A⟩| is independent of the choice of β ∈ T (X,Y );

4. Cay(T (Y ), AY ) is Aut(T (Y ), AY )-vertex-transitive.
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