CHAPTER 6

Conclusion

In this thesis we presented two Caputo fractional order models of two-species fac-
ultative mutualism with harvesting and analyzed the stability of the proposed models.
By stability analysis, we obtain the sufficient conditions on the parameter for the local
asymptotic stability of the three non-coexistence equilibrium points using the linearization
method and the global uniform asymptotic stability of the coexistence equilibrium point
via the Lyapunov’s direct method.

For the Model 1, it has four equilibrium points, which are the non-coexistence equi-
librium points E10(0,0), F11(K1A1,0), F12(0, K3A3) and the coexistence positive equi-
librium point Ey3(z7, x3).

The sufficient conditions of the locally asymptotically stable of the non-coexistence
equilibrium points Fi9, F11 and Ej9 are provided in Theorems 4.1.2, 4.1.3 and 4.1.4,
respectively. The equilibrium point Fjg is locally asymptotically stable if the model pa-
rameters satisfies r; < e; and r9 < eg, while Fq1 is locally asymptotically stable if e; < 71
and ro < Kzejé{;fﬁ' In addition, Ei9 is locally asymptotically stable if 71 < Klji{:;z[@
and ey < 79.

For the unique coexistence equilibrium point FEj3, we also obtain the conditions
for globally uniformly asymptotically stable, which appear in Theorem 4.1.5, that is,
biobor <1, 0<eg <1y, 0< ey <rgorbpoby <1, 0<e <ry, 0<ey <.

Likewise, the Model 2 also has four equilibrium points including the non-coexistence
equilibrium points Fy(0,0), E21(K141,0), FEa2(0,K2As) and the coexistence positive
equilibrium point Eos(z},x5). We reveal the sufficient conditions for the locally asymp-
totically stable of the non-coexistence equilibrium points Foy, Fo1 and Fss in Theorems
4.2.2, 4.2.3 and 4.2.4, respectively. The local asymptotic stability of the trivial equilib-
rium point Fyg is obtained if the model parameters satisfies 71 < e and ro < e, which
is the same conditions as the equilibrium point E1g of the Model 1, while Fo; is locally
asymptotically stable if e < ry and r9 < eg and FEas if 11 < e1 and eg < 1o.

The sufficient conditions of the global uniform asymptotic stability for the unique co-

existence equilibrium point Fog is established in Theorem 4.2.5, that is, A1b1o < 2, Asboy <

2 — Asb 2—A1b
2, T < (221>$2, To < <112>1‘1, A1A2b12621 < 1, 0 < e < 1, and
Asboy A1br2
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0 <ex <ra.

Finally, the numerical simulations of the Model 1 and Model 2 were presented us-
ing the given parameters in Tables 5.1 and 5.2, respectively. The parameters satisfy the
sufficient conditions for asymptotic stability of each equilibrium point. From Figures 5.1
- 5.16, all solutions of the two models converged to the equilibrium points. In conclusion,

the above results corresponded with the theoretical results of this study.
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