CHAPTER 3

Main Results

In this chapter, we apply the SIS particle filter method and the maximum likelihood

estimation method to estimate volatility process and model parameters in 3/2 model.

3.1 Estimation of Volatility Process

In this section, we derive how to use SIS particle filter method to estimate volatility
process of 3/2 model. Section 3.1.1 provides the set up and the algorithm. The simulation

study is in section 3.1.2.

3.1.1 Derivation of Particle Filter Algorithm

First, we recall the 3/2 stochastic volatility model can be described in the stochastic

differential form as

3
dve = k(0 — ve)dt + Ev? dWr, (3.1.2)

where {B;}+>0 and {W} }4>0 represent two standard Wiener processes, correlated with the
correlation coefficient p.

Now, we define the log-price process

And, we transform the system of SDEs in (3.1.1)-(3.1.2) to the following system:

Lemma 3.1.1. The stochastic differential form of 3/2 wvolatility model in (3.1.1)-(3.1.2)

can be written as

1
dyt = (,u — §Ut)dt + \/UtdBt, (313)
1 3
dve = (kve(0 — vy) — Ep(p — ivt)fut)dt + Epuedys + €N/ 1 — p?of dZy, (3.1.4)

where {Bi}1>0 and {Z;}4>0 are independent standard Wiener processes.
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Proof. To get (3.1.3), we use Ito’s formula in Theorem 2.2.5 with (3.1.1) .
Since F'(t,S;) = i, f(t,S;) = uSy and g(t, S¢) = \/v: Sy, we obtain that

Oy Oy 25 Ut
d — — 4+ — dt dB
we= (G T S‘tast+ i gz )t + Vo Stast ‘
1
= (0 + /LStS UtSt Sz)dt + VvtStgtdBt

1
=(u— §vt)dt + \/v1dBy.

For (3.1.4), we know that B; and W; are two standard Wiener processes with the correla-
tion coefficient p.
By setting Z; = (W — pBy)/+\/1 — p?, we get Z; is independent of By (see Appendix A).

Moreover, by (3.1.3), we can write

th =/ 1-— deZt + det
1
=+/1—- deZt + \/F)U»t(dyt - (,u — §'Ut)dt) (315)
Therefore, by (3.1.2) and (3.1.5), we have

dvy = kv (0 — vy)dt + Ev? (\/ 1— p2dZ; + T(dyt (1 ;vt)dt)>

1
= kve(0 — v)dt + €/ 1 — p?u dZt o {pvt(dyt (1w — fvt)dt)
1
= (kve(0 — ve) — Ep(p — *Ut)vt)dt + Epvedys + €4/ 1 — p2v dZt

O]

Note that, the purpose of transformation is to get the process {y:}+>0 as a measure-
ment of the volatility process {v}+>0. Next, we will apply the Euler-Maruyama method

0 (3.1.3)-(3.1.4). This leads to the following discretized system:

Lemma 3.1.2. The Euler-Maruyama form of (3.1.3)-(5.1.4) are

| A ;. 13 j

ytn = ytn—l + (IU’ e ivtn)Atn + vtn—lABtn7 (3]‘6)
~ A 2 & =3 N

/Utn s vtn—l + (K/Utn—l(e ] Utn—l) i é‘p(lu’ i Qvtn—l)vtn—l)Atn (3]‘7)

3
+ é-p@/tn—l ({Jtn o gtn—l) + é-\/ﬁ%{fnflAZt"7

where Atn = tn — tnfl, ABtn = Btn — Bt and AZtn = Ztn — Zt

n—1 n—1°

Moreover, an alternative form of the discretized volatility process in (3.1.7) is

3
5 :Jtn—l + H/@thil (0 — 6tn71)Atn + fﬁ}?nilAth + %fp@zn,lAtn (3 1 8)
tn — ~ ) oL
1 + %gpvtnflAtn

where At,, = t, —tp—1 and AW, =W, — W, .
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Proof. For (3.1.6) and (3.1.7), we use directly Euler-Maruyama method in Proposition 2.2.6.
Then, for (3.1.8), from (3.1.6) and (3.1.7), we can see that

1

~ 1. ~ - ~ -
Utn + §£pvtnvtn—lAtn = Utn—l + (K/Utn—l (9 - Utn—l) - gp(,u - §Utn—l)vtn—l)Atn

F VT 25} AZ4, + Epi, (1= 50Dt + [57, , AB,)
+ 5E00, T, At

= Ty + KT (0 — Ty ) Ay + /1= P52 AZ,, +EpT7. AB,,
+ %fpﬁ?nilAtn

X . = 3 1.
=, + K0, (0 — 0, ) At, + §vg AW, + ifpvfn_lAtn.

Since

yr ) %, 1
Ut,, + §5pvtnvtn,1 Aty = v, (1 + ifpvtn,l Atn)v
the proof is now completed. O

Now, we are ready to derive the SIS particle filter algorithm. Note that the update
step is done via (3.1.7). For the analysis step, we consider the updated importance weight
in order to estimate the discritized volatility process vy, , for time ¢,, based on our obser-
vation data {yr, }t,<t,<t,. As explained in section 2.3.1, our chosen updated importance

weight wgi) at time ¢, is obtain as:

o @ PO | TPED |5 )

(3.1.9)

wtn . wtn—l ~(1 ~(1 ~
@ 1), 5
Now, we derive all required probability density functions in (3.1.9).
Proposition 3.1.3. Let ¢(x, p, 0?) := —L_e=@=m?/20% pe the probaility density function

V2no?
of N'(u,0%) random variables. Then, from (8.1.9) and fori=1,2,...,N,

(a) For the likelihood function,
P | 9)) = 8@ 1, 0D),

where,

m1 = Yt,_, + (pJ — ivg’))Atn, and O'% = ng),lAt"'

(b) For the transition probability density function,

~(9) 5@) ) = ¢(~(i) 2)7

'Utn , Mo, 02
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where . ; i '
o) e (03 )AL, + Lep@? )2,

—1 n—1 tn—1

2= ) ’
1+ %fpvtnilAtn
and 0
, &, ) At
0'2 —

(1+ 5€p3,,) , Aty)?
(¢) For the optimal importance function,

p@D 150G = 9@, ms, 03),

where

(i (i (i 1 ) G Dk~ -
m3 F Ulgn)—l + (K/Ut(n)—l (9 E vlgn)—l) ] gp(u - §vt(n)—l)vt(n)—l)Atn + é‘pvt(n)—l (yt" B ytn—l)’
and

o3 = E2(1 - p2) (@ At

Proof. We apply the properties of standard Wiener process and the properties of normal
random variables to (3.1.6), (3.1.8) and (3.1.7), we obtain that y;, and vy, are also normal

random variables for each time ¢,, with mean and variance as follow:

(a) By properties of conditional expect value and conditional variance, we get

e E(gtn |/?‘7tn ) gtnfl ) /ijtn,l)

- e - . W -
= E(ytnfl + (u - 7,Utn)Atn + Utn—lABtn’Utn7 ytn—17vtn71)

2
- : 3
= ytn—l + (/‘L A §vtn)Atn + vtn—l E(ABtn)
~ 1.
- ytn—l + (/’L - §/Utn)Atn7

and

O’% 3 Va’r(gtn |5tn7 gtn—l ’ ;Utn—l)

~ el A el S
= Var(ytn—l + (M o §Utn)Atn + Utn—lABtn|vtn7ytn—1’Utn—l)

= var(y/ v, AB, [V, , Yty —1s Vtny)

=1y, ,var(ABy,)

=Ty, At

For each i = 1,2, ..., N, the proof is complete.
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(b) The idea of the proof for (b) is the same as the proof in (a) as:

m2 = E(;&Jtn |:l7tn—l)

,Utnfl

. <%1 R (0 — T,y ) Al + €57 AW, + SepT2_ Aty
L+ 1¢pv,, Aty
Uty + 60,4 (0 — Ty, )AL, + 2Ep02 At
1+ Lepm, Aty

b
and

O‘% = Va‘r(gtn |’D/tn—1)

3
<:5tn1 + /4’5&71 (9 = /I\Jitnil)Atn + §5t27171Ath + %fp?jtzn,lAtn
= var -
1+ %fpvtnflAtn

&) Aty
(1+ 3€pty,  Aty)?

For each 1 = 1,2, ..., N, the proof is complete.

(c¢) Similarly with (a) and (b), we can see that

m3 = ]E(%tn |gtn ) :177&"71 ) 51‘,,”,1)
1.

3 E<7[}Jtn—l + (K;Jtn—l(e 1 Tl\}/tn—l) B ; gp(ﬂ i Qvtn—l)gtn—l)Atn

§ ~ o~ ~
ot (B — Tos) + EVI = P20 AZ, \ytn,ytnl,vm)
1

B :Jtnfl + (K;:[}/tnfl (9 . :[)/tn71> = gp(/’t zvtnfl)fﬁtnfl)Atn

+ fpatn—l (gtn | gtn—l)?

and

O’% w Va’r(/ijtn |:Tjtn7 @itnfl ? /i;tnfl)
1

= var <5tn—1 + (ﬁﬂtn_l(ﬁ — 1715”_1) — fp(u — 5:[}}”_1):[}}”_1)Atn

3
+ fp'fz\jtnfl(fyvtn "3 fyvtnfl) + é \% 1 - p2§t2,,L_1AZt7L

gbmgtnp:ﬁtnl)
— 21— T Aty

tn—1

For each 1 = 1,2, ..., N, the proof is complete.

Combining all of these results, the SIS particle filter algorithm is now ready.
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The SIS Particle Filter Algorithm for Volatility Process

Step 1: For time step tg = 0 and for ¢ = 1,2, ..., N, draw the samples 5(@ from a prior

distribution p(vp) and set w(()i) =+

Step 2: For time steps ¢, =1,2,3,..., M,

Step 2.1: Fori=1,2,..., N, draw the samples ”27(? from (3.1.7).
Step 2.2: For ¢ = 1,2,..., N, calculate the important weights wgi) according to

(3.1.9) and normalize.

Step 2.3: Compute ]veff according to (2.3.8). If Neff < Nrp, generate the new

particle set by systematic resampling.

Step 2.4: Calculate the posterior distribution p(vy, |71, ) according to (2.3.5).

3.1.2 Simulation Studies of Volatility Estimation

In the simulation studies, we first create one realization of S; and v; based on the 3/2
stochastic volatility model for 0 < ¢ < 5, the time difference At,, = 0.00025 with parameter
values ;1 = 0.1, s = 3.0, # = 0.1, ¢ = 0.4, p = —0.2 and initial values vg ~ N(0.25,0.022),
So = 10. Then, we use this simulation result as the true volatilities of the model based on

S; for the comparison. The stock price and volatility process are shown in Figure 3.1.

Stock price process Volatility process
T T T T

Figure 3.1: Stock price process and volatility process

To apply the SIS particle filter algorithm, we set the number of particles, IV, as 1000
and the effective sample size threshold Ny = 2N/3. We consider four cases of simulations

as followed:

20



Case 1

Case 2

Case 3

Case 4

Exact parameters case: The values of parameters are assumed to be known. That
is, we set

p=0.1,k=30,0=0.1, ¢ =04and p = —0.2.

Good-range set of parameters case: The values of parameters are assumed to

unknown and the true values are contained inside the guessed ranges as follows:

pu~ U(0.05,0.15), k ~ U(1,5), 6 ~ U(0.05,0.15), & ~ U(0.1,0.7) and p ~ U(—0.5,0.1).

Bad-range set of parameters case: The values of parameters are assumed to

unknown but the true values are not contained inside the guessed ranges as follows:

1~ U(0.6,0.9), &~ U(10,15), 6 ~ U(0.45,0.8), & ~ U(1,3) and p ~ U(0.1,0.8).

Wide-range set of parameters case: The values of parameters are assumed to
unknown, the true values are contained inside the guessed ranges, but the ranges

are much wider than in Case 2 as follows:

o~ U(0.01,2), k ~ U(0.1,10), 6 ~ U(0.01,0.5), & ~ U(0.02,2) and p ~ U(—0.8,0.6).

Note that U(a,b) denotes the uniform distribution where a, b are lower and upper bounds

respectively.

In Case 2, 3 and 4, the hidden processes will be a state vector

Ztn o (vtn ’ /’Ltn7 K/tn ’ etn? é.t’nﬂ ptn ) =

Also during the update step, the value of v;, will be updated from (3.1.7). Note that the

rest of parameters is time independent, the values are not update and we encounter the

degeneration problem, described in [1]. In this reseach to avoid this deficiency, we assume

that the parameter processes are the simple linear process with Gaussian noise, that is

K, =

lu’tn—l—’_n%n’ ’itn = ,{tn—l—i_ntzn’ etn = 0tn—1+n?n7 ftn = gtn—l—i_n?n and ptn = ptn—1+n?n7

where n 07,0} 0t np, ~ N(0,0.01%).

In each case, we plot the simulated values from the SIS particle filter method against

the true value, as well as the square error, vy, — 9y, |?. The simulation results of Case 1 to

4 are shown in Figure 3.2, Figure 3.3-3.4, Figure 3.5-3.6 and Figure 3.7-3.8 respectively.
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Volatility N %10 Square error

ue value
estimated value

Time Time

Figure 3.2: Exact parameters case: volatilities and square errors by SIS particle filter

Volatility s x10* Square error
T T T T T T

——-true value
stimated value

Time T

Figure 3.3: Good-range set of parameters case: volatilities and square errors by SIS particle
filter
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Figure 3.4: Good-range set of parameters case:
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Figure 3.5: Bad-range set of parameters case: volatilities and square errors by SIS particle

filter
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Figure 3.6: Bad-range set of parameters case: parameters estimation by SIS particle filter

Volatilit 3 Square error
0.35 . . Y ’ , x10 _sa .

true value
—estimated value

Time

Figure 3.7: Wide-range set of parameters case: volatilities and square errors by SIS particle
filter

Simulation Studies Analysis

From the simulation results, we can see that the volatility estimation in Case 1 and
2 are very close to the true volatilities. However, the estimation is not so precise in Case 3
and 4. This suggests that the choice of parameters are also important for the estimation of
volatility process. Also, note that the parameter values do not tend to the true values in all
cases. Hence, it is suggested to use other estimation technique for parameters estimation,

the maximum likelihood estimation (MLE), is proposed in the next section.
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Figure 3.8: Wide-range set of parameters case: parameters estimation by SIS particle
filter

3.2 Estimation of Model Parameters

In this section, we use the log-price process and estimated volatility process, which
obtained from the previous section, to estimate the model parameters in 3/2 model by
using the maximum likelihood estimation method. The log-likelihood function for solving
this problem is derived.

First, we claim that the volatility process and the log-price process are observed.

Remark 3.2.1. By setting x;, = {gtn 5%} T, where y;, and v, are defined in Lemma 3.1.2.
We have Xy, |Xy, , is a normal random vector. To show that x;, |x:, , is a normal random
vector, we need to show that k1, + kavy, has a normal distribution for ki, ke € R. From
(3.1.6)-(3.1.7) and condition on y;, _,, 0, ,, we can write k1Y, + kavy, in the form of
hi + hoABy, + hgAZ;, , where h1,he and hs are some constants. Since ABy, and AZ,

are independent normal random variables, the proof is now completed.

Now, we will derive the probability density function of x;,|x, , and the log-likelihood

function L(o|xy,, ..., Xty ), where o := (u, k,6,&, p) is a vector of parameter.
Proposition 3.2.2. Let g, and vy, satisfy the discritized system (3.1.6)-(3.1.7). Then,
(a’) E(gtn’fﬁtn7§tn717rﬁtnfl) - gtnfl + (lu’ - %fﬁtn>Atn7

(b) E(atn ’gtn’ gtn—l ? 5tn—1) = ;Etn—l + (K’;l\jtn—l (9 - ;Z}Jtn—l) o fp(/’j’ - %5tn—1)5tn—1)Atn
+ é‘p;l\jtn—l (gtn - gtn—l)’
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(¢) var(Yu, [Vt,, Yt,_1> Vtp_y) = Ut —10%n,
(d) var(Dr, [Tt , Uto 1 Uty 1) = E2(1 = p?)0},_ Ay,
(e) cov(Tt,, Ot |Ttn_10t,_r ), = EPVE,_ Aty

where At,, = t, — t,_1.

Proof. For (a)-(d), the proofs are obtained in Proposition 3.1.3.
To get (e), we rewrite (3.1.7) as:

Ut, = g, + by, (Yt — Ytn_1) + 0, AZ4,,

Where atn I ;l\jtn—l + (Katn—l (9 — 5tn—1) M gp(l'j’ - %5tn—1)5tn—l)Atn’ btn e gp,zj/tn—l and
3
ct, =&/ 1= p¥0g .

Hence, we obtain that

Cov(gtn 9 17tn ‘gtnfl Y Tl\)/tnfl) - Cov(gt'rﬂ atn + btn (gtn - gtnfl) + ctnAZtn ’gtnfl ? :Jtnfl)
= coV(Yt,, bt, Y, + ct, AZt, [Ut, 1,0t )

= COV (Yt s btn Yt [Ytn 15 Vtp_1) + COV(Tt,,, Ctw AZ1, Yty 1> Oty )-

Consider
Cov(gtn Y btn gtn ‘gtnfl Y :{)’tnfl ) X btn COV(gtn, gtn ‘gtnfl Y @/tnfl)
= by, var(Ys, [Ut,_1» Vty_1)
— fpﬁtzn_lAtm (3.2.1)
and

~ ~ ~ ~ 1. — ) ~
Cov(ytn7ctnAZtn‘ytn—17vtn—1) - Cov(ytn—l + (/"L - ivtn—l)Atn + Utn—lABtn’ ctnAZtn’ytn—l’/Utn—l)

E= COV( ,UtnflABtrw CtnAZtn|ytn—17,Utn71)

=y ol | ayeow(aBy, , AL )
=0.

(3.2.2)
Then, from (3.2.1) and (3.2.2), we have

Cov(gtn ’ Etn ’gtnfl ’ /ﬁtnfl) = fpﬁth_l Atn
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Remark 3.2.3. The normal random vector Xy, |X, , has the probability density function

1 1
p(xt, [%t,_,) = ———==exp ( -5
\/47T2|2tn| 2

where py, , 3¢, are the mean vector and covariance matrix of X¢, , which all elements are

defined in Proposition 3.2.2.

(xt,, Mtn) 3, I(th th))v

Theorem 3.2.4. Let (x¢,,...,X¢ty) be a vector of N-observed data and o be a vector of

parameter. The log-likelihood function of 3/2 stochastic volatility model is

N

L(a\xtl,...,xtN):—Z<ln(\/47r2\2tn])+;(xtn pe) 2 (e, — Mtn)>7 (3.2.3)

n=1

where xy, , e, and Xy, are defined in Remark 3.2.3.

Proof. By Remark 3.2.3 and by conditional probability and Markov property, we have

L(a|xty, oy Xey) = Inp(Xey ooy Xe | )
N
=In H D(Xt, | Xty s ooy Xty 15 Q)

n=1
N

= ]'n H p(xtn |th—17 a)

n=1

N
= Inp(xy, |xt, )
n=1

Al 1 1 1
= E <ln (W eXp(— §(th IJ’tn) 2 (th 'u’tn)))>
n=1 tn

52 (I ) g0~ B )
21 Z <ln VA2 (S, ) + ;(th — ) B (e, — Nm))-

Therefore, this proof is complete. O
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Simulation Studies of Parameter Estimation

In this simulation study, we select the observed data, volatility process and log-price
process, from Case 2 in previous section. The data is shown in Figure 3.3.

Now, we input these data in (3.2.3) to get the log-likelihood function for our model
as in Theorem 3.2.4. Finally, we find the maximum likelihood estimators by using the
command " fminsearch” in MATLAB program..

We consider two simulation studies as follows:

Simulation study 1: We assume that u and 6 are known, p = 6 = 0.1, and we need to
estimate the rest of parameters. In order to compare the estimation results, we estimate

the values of parameters based on the number of observed data as follows:
Case 1: 5,000 observed data (At, = 0.001),
Case 2: 10,000 observed data (At,, = 0.0005),

Case 3: 20,000 observed data (At,, = 0.00025).

Table 3.1: Estimated values of x, £ and p with estimated data

Parameter True value 5,000 obs. data 10,000 obs. data 20,000 obs. data
Est. val. Abs. err. Est. val. Abs. err. Est. val. Abs. err.

K 3.0 5.4024 2.4024 5.4003 2.4003 5.3218 2.3218

£ 0.4 1.7710 0.7710 0.8802 0.4802 0.6895 0.2895

p -0.2 -0.6572 0.4572 -0.6149 0.4149 -0.5494 0.3494

Simulation study 2: All parameters are assumed to unknown. In order to compare the
estimation results, we estimate the values of parameters based on the number of observed

data as follows:
Case 1: 5,000 observed data (At,, = 0.001),
Case 2: 10,000 observed data (At,, = 0.0005),
Case 3: 20,000 observed data (At,, = 0.00025).

In each case, we compute the estimated values from maximum likelihood estimation
method against the true values, as well as the absolute errors, |ay, — &y, |. The results of
Simulation study 1 and Simulation study 2 are shown in Table 3.1 and 3.2 respectively.
Both simulation studies show that the estimation obtained from the maximum likelihood

method, based on the log-likelihood function in (3.2.3), works fairly well.
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Table 3.2: Estimated values of u,k, 0, £ and p with estimated data

Parameter True value 5,000 obs. data 10,000 obs. data 20,000 obs. data
Est. val. Abs. err. Est. val. Abs. err. Est. val. Abs. err.

I 0.1 0.2956 0.1956 0.1083 0.0083 0.2901 0.1901

K 3.0 5.4121 2.4121 4.2959 1.2959 5.4272 2.4272

0 0.1 0.1002 0.0002 0.0953 0.0047 0.1001 0.0001

& 0.4 0.5638 0.1638 0.7660 0.3660 0.4477 0.0477

P -0.2 -0.4541 0.2541 -0.5827 0.3827 -0.1694 0.0306

In Simulation study 1, the errors decrease as the number of observed data increase.
However, it seems that the absolute errors do not depend on the number of observed data
in Simulation study 2. This may due to the number of parameters that are estimated in
Simulation study 1 is less than that in Simulation study 2.

For the comparison to real data, we use the maximum likelihood estimation method

with the data as in Figure 3.1. The results are shown in the following tables.

Table 3.3: Estimated values of k, & and p with real data

Parameter True value 5,000 obs. data 10,000 obs. data 20,000 obs. data
Est. val. Abs. err. Est. val. Abs. err. Est. val. Abs. err.

K 3.0 2.8562 0.1438 3.1045 0.1045 3.0566 0.0566

& 0.4 0.4679 0.0679 0.4612 0.0612 0.4222 0.0222

P -0.2 -0.3063 0.1063 -0.2202 0.0202 -0.2089 0.0089

Table 3.4: Estimated values of u,k, 0, £ and p with real data

Parameter True value 5,000 obs. data 10,000 obs. data 20,000 obs. data
Est. val. Abs. err. Est. val. Abs. err. Est. val. Abs. err.

I 0.1 0.1692 0.0692 0.0816 0.0184 0.0932 0.0068

K 3.0 3.2857 0.2857 3.0709 0.0709 2.9179 0.0821

0 0.1 0.0909 0.0091 0.1190 0.0190 0.1012 0.0012

& 0.4 0.4762 0.0762 0.4422 0.0422 0.4267 0.0267

p -0.2 -0.3733 0.1733 -0.1767 0.0233 -0.2716 0.0716

We can see that the estimated value of model parameters with true volatility and
estimated volatility from SIS particle filter method have nearly the same value, it can be
guarantee that the particle filter method is a quite good method for volatility estimation

in our model.
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